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1.  INTRODUCTION

Geometry is a mathematics field of learning at the primary until university education levels. The
reasoning and applied aspects of geometry play important roles in mastering science and technology [1].
Although this material exists in all education levels, it does not guarantee the learners will not commit any
mistakes to answer the questions. Learning geometry challenges both teachers and learners. It requires an
insightful thinking process effectively [2]. Geometry is important because the concept is connected to the
environment and everyday life [3], [4]. The results showed that working on geometric questions still became
a problem for learners. They made many mistakes [5]-[7]. The mistakes could be traced by analyzing their
thinking processes. This notion is relevant with [8]. The study found that noticing the learners' thinking skill
process could improve their thinking processes.

According to the experts, the most relevant thinking process to analyze geometric material is the
spatial thinking process because of its importance in creating geometric problem representation [9]. Spatial
thinking skill is useful to establish geometric conceptual understanding and mistakes in understanding
geometry [10]-[12]. National Research Council explains the three sub-skills of spatial thinking. They are
“spatial concept, representative means, and reasoning process” [13]. These elements should exist when the
learners are solving geometric problems.
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Spatial thinking allows recognizing and manipulating the object-spatial nature and the connection
among the inter-object space [14]. Spatial thinking combines a set of different skills and multi-dimension
nature. It requires understanding about spatial elements and involves spatial feature visualization mentally
[15]. According to Maier [16], spatial skills have some indicators, such as “spatial perception, spatial
visualization, thought rotation, spatial relation, and spatial orientation.” On the other hand, previous
researchers [17] proposed the indicators are “mental rotation, spatial orientation, and spatial visualization.”
This research used indicators of spatial ability, namely spatial perception, spatial visualization, mental
rotation, spatialrelations, and spatialorientation.

Experts found some ways to trace spatial thinking processes. One of them is the Action-Process-
Object-Schema (APOS) theory. The thinking process is traced with the mental structural framework and
mechanism in constructing the knowledge [18]. The results showed that the APOS theory could find the
learners' thinking processes [19]-[21]. The APOS theory determines the learners' mathematics thinking
reconstruction in geometric and algebraic concepts [22]-[24] The applied theory could trace the thinking
process, starting from the mental action structure, process, object, and scheme. The action deals with the
mental thinking structure realized in trials, memory, and truth-rechecking of the constructed examples. The
process deals with the thinking process established by the mental action interiorized mechanism while
defining something. Object deals with the established mental structure and mental mechanism of the
encapsulated processwhile applying therules. Scheme deals with a set of actions, processes, and objects.

The thinking process hasmany factors. One of them is the cognitive style, a specific and unique way
to see, understand, and process information. The cognitive process is explorable from the cognitive styles.
Every individual has a specific cognitive style as the personal character and potential a djustments to receive
and process the information during learning.

The cognitive style also strongly influences mathematics problem solving, especially geometry. This
finding was supported by previous research [25]. The study found that cognitive style influenced geometric
learning outcomes. The students' cognitive style should be considered to improve their math problem-solving
skills [26]. According to previous researchers [27]-[29], the cognitive style has two categories. They are
field-dependent and field-independent cognitive styles. Students with cognitive style mostly have excellent
language mastery, understanding, and inter-individual interaction. They rely on external references and the
given materials for learning [30]-[32]. In this research, the researchers were interested in geometrical concept
reconstruction of field-dependent students based on APOS. The research focus was the field-dependent
cognitive style since students with this type had low spatial skills. The researchers explored the students'
mistakes of spatial thinking process on the geometric problem. Then, the researchers would recommend a
better learning improvement.

2. RESEARCH METHOD

This qualitative exploratory research allowed researchers to find the most appropriate objects. The
researchers selected a subject based on three spatial thinking elements, geometrical conceptual
reconstruction, and communicative communication. The subjects were 27 students of the Mathematics
Education Department of Universitas Muria Kudus Indonesia. The researcher grouped the students with the
embedded figure test into field-dependent, field-independent, and field-intermediate groups. The field-
dependent group consisted of five students. The researcher took the subjects with purposive sampling. This
sampling technique selects the subjects based on certain considerations. Then, the researchers selected two
respondents based on the uniqueness of the answers and their communication skills. The students were
interviewed with in-depth interviews. The researchers selected one of them to join an interview to discuss the
occurring spatial thinking. The considerations to select one subject were the requirements of three spatial
thinking elements and five spatial thinking indicators. The number of the subject was adequate and could
represent the findings on students with field-dependent typed cognitive style. It was in line with some
previous findings that the numbers of subjects, two, three, four, and five, could represent the research
subjects [33]-[37].

The techniques to collect the data were interviews, documentation, and group -embedded figure test.
In this case, the researchers were the main instruments. The supportive instruments were the geometric task
documentation to determine the spatial thinking process, the group embedded figure test (GEFT) to find out
the cognitive style, and interviews to check the works' correctness and trace the spatial thinking skills
based on APOS. The task instrument consisted of five questions. It also used indicators, such as spatial
perception, spatial visualization, mental rotation, spatial relation, and spatial orientation. The GEFT
instrument is a standardized test developed by Witkin to determine the cognitive styles whether the learners
are field-dependent or field-independent learners [38]. The test consisted of 25 questions. They were grouped
into three sessions. The first group consisted of seven figures. The second session consisted of nine figures.
Then, the third session consisted of nine figures. The students had to find the simple figures hidden in the
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large and complex figures. The interview consisted of 22 questions and used the structuraland instrumental
APOS framework indicators. They were action, process, object,and scheme.

Inthis research, the researcher used Miles and Huberman to analyze the data. According to previous
studies [39], [40], the qualitative data analysis technique included data reduction, display, and verification.
The data reduction stage consists of screening, simplifying, and focusing the interview result data and the
task document analysis data based on the targeted objectives. The data display consisted of creating the
correlation pattern to present the data in diagrams, tables, and narrations. The verification consisted of
descriptions of the findings based on the collected data to determine field -dependent students' spatial thinking
process types, both written and oral geometric tasksbased on APOS theory.

3. RESULTS AND DISCUSSION

The GEFT results showed three groups of cognitive styles: field-dependent (FD), field-independent
(F1), and field-intermediate or neutral as presented in Table 1. The table shows that five students are FD
typed, 12 students FI, and 10 students neutral. The research focus only selected the subjects with FD typed
cognitive style. Then, the students received a spatial thinking test on the positions of points, lines, and planes.
The researchers interviewed them asthe last stage with an in-depth interview.

Table 1. The students’ cognitive style distributions

Cognitive styles

Total of the students Field dependent  Field intermediate  Field independent
27 students 5 students 10 students 12 students

The subject (S) indicated the mental action structures by reading and understanding the questions.
The subject identified the problem components in spoken mode. The subject indicated object shapes from
each box. The subject determined the figure sketch, the distancesamongthe lines, the point to the field, and a
point to the line. The mental process structure of subject was the coordination process in a written task as
shown in Figure 1. The subject coordinated the task with the interview, as shown in the excerpt
(R=researcher and S=Subject).

R: Whatdid you first do whenyou read the questions?

S: 1 understood the point of the question and noted the required information. Then, | sketched to
make it clear and understandable before solving the problems.

R: After obtaining the information, what did you think?

S: | operated the information by transforming them into a sketch of a box net.

S Translation:
=1, = \SOL§ T Yagu e, =purple
o 2 Woreo by s /- =Dblue
o = la\jv o0 = = green
. COWOY XA = chocolate
=0 = Leuniag Shaey = yellow
g cesemn = ec =t | [ Without shading = red

Figure 1. The subject coordination result by presupposing the box content

From the collected data, Figure 1 and interview, the subject had a written task coordination process.
He presupposed the sides of three boxes with side symbolization. This action showed his spatial thinking
process with correct conceptualunderstanding. The subject sketched the catand hamsterboxes. The cat box
sketch looks complex. The sketch, written with symbols, is correct. In this case, only the subject understood
the sketch. It proved he had corrected external representation. The subject determined the field-a point
distance and vice versa correctly.

The subject also did the reversal process by remembering the comparison formula of spatial
diagonal. This matterproved he did mentalprocess structure. The comparison formula of the spatial diagonal
length was recognized on the divider field. Then, he coordinated the interiorized components. Figure 2 shows
the rehearsal process of the subject's written task.
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Figure 2. The subject'srehearsal by comparing formula of the spatial diagonallength

According to the interview, the subject got the line of H to the middle point of ACG by multiplying
the value with i The subject argued that H - ACG was one-third of space diagonal. Figure 2 also proves the
subject did the reversal process. The subject recalled the formula. Then, he sketched figures of the
interiorized components. He realized the was also the distance. It proves the subject does the reasoning

process briefly by recalling the previous knowledge. The subject took the process into an object, both written
and spoken tasks. This process is an encapsulation process,asshown in Figure 3.

5:3:;: ke kuning, » lebol Yalow =190 = (SO G Jarax W we ASG = ,‘i adz
Pefos z i ao -
Meran ke Winteq | Haoel balov = 0,8 m = RO we - \5 Jz oo i i
Jodi, Louus [araw Aplek mer@dn ke kuning uownd ekt padedr e g‘\,h I S T
adotah vl Atk =80 am L (Go Cw doai Jero-m ¥e T el o =

Translation: Translation:

Father: _ Distance H to ACG =1 a3

Red to yellow = beam width = 1.5 m =150 cm 3 1403

Arfa: =340vV3

Red to yellow = block height = 0.8 m = 80 cm =273

So, the case of the shorter distance of the red to yellow ) a0

plywood belongs to Arfa=80 cm < 150 cm So, the distance Hto ACG is — V3em

(@) (b)

Figure 3. (a) Field to field distance determined by the subjectand (b) The distance of a pointto a field
determined by the subject

In terms of mental encapsulation mechanism, the subject knew Arfa’s cat box had the shortest
distance, 80 cm. He also knew that the distance of H to ACG was %\/? cm. The subject realized the correct
line as the correct distance, the lateral of the cube. The subject used the formula of diagonal spatial
comparison of a cube and found H to ACG with a value of ifrom the cube spatial diagonal length. It was

%\/5 cm. The mental reversal structures of the subject were recalling the formula and determining the

distance correctly. However, he did not do it in a complete process. It proved the subjects did the correct
reasoning process.

The researchers found mistakes in the subject’s encapsulation when he determined the distance from
a point to a line as shown in Figure 4. The subject estimated P-AG from P to the center of AG. The subject
made a simple sketch, although it was incorrect while determining the line of the P-AG distance. The subject
thought the center point of the line AG was perpendicular with point P while the angle PAG was angular, but
it was incorrect. The subject admitted he was doubtful, but he kept on what he thought. He could calculate
correctly but, because of his mistake, his answer was incorrect. He made a mistake in the representation of
thought. However, he did correctly while reasoning. It meantthe subject could do the object-mentalstructure
during the encapsulation process with an incorrect answer.

Then, the subject could promote thematization by identifying the problems correctly. Thus, he could
correctly think of the spatial concept element. He brought the problems into an incomplete sketch, so there
were some mistakes while determining the distance line. According to the interview result, the subject could
understand that the distance was the segment length of both object connectors. It had a smaller value, and it
was correct. His mistake was on the representation thinking. The subject drew a complicated or very modest
sketch, but the reasoning process was incorrect.
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Figure 4. The subjectdetermined the distance of a point to a line

The subjectdid oral thematization with the use of generalization. Figure 5 shows the analysisof the
spatial concept, reasoning process, and external representation based on APOS. This figure explains the
spatial thinking plots of field-dependent students. The tracing process of spatial thinking used APOS
theoretical framework. It consisted of mental action, process, object, and scheme. The figure shows the
subject uses all spatial thinking elements and five spatial thinking indicators, although the finishing stage is
notaccurate. Hence, the detail of Figure 5 is presented in Table 2.

Figure 5 and Table 2 show the mentalaction structure of the FD subject. He identified the demanded
boxes and identified the lines as distances of a point to a point, a field, and a line. The interiorization in the
action process was to imagine the solving stages implicitly [18]. It was in line with [41]. The study found that
solving process was still inside of the mind. In this stage, the subject used his spatial thinking element
correctly. The subject reached the spatial visualization indicator correctly. The spatial visualization involved
the objectimage in the space of the object manipulation inside of the mind [42].

In the mental structure process, the subject did mental coordination mechanism and reversal
coordination by presupposing the cat box sides. However, he did not presuppose the hamsterbox sides. Then,
S sketched cat and hamster boxes accurately. The subject determined the connection of lines. He identified
the distancesof a pointto a point, a pointto a field, and a point to a line. The subjectdid the reversal process
by recalling the comparison formula of the cube’s spatialdiagonalif the cube field was cutinto anequilateral
triangle. It was in line with [43], [44]. The study found that the subject found difficulties while solving the
problems. Thus, he recalled the previous knowledge. This action is called a reversal. In this stage, the subject
reached the indicators of spatial relation and thinking rotation correctly. The subject could make a sketch
correctly, although it was difficult to understand. It was because he made it by using symbols. In this stage,
the subject correctly used his spatial thinking concept, representative tool, and reasoning process. These
elements appeared on the stage, and the subject utilized them correctly.
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Figure 5. The spatialthinking process analysis of the subject
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Table 2. The code remarks of Figure 5

Graphic Graphic

Remarks Remarks
codes codes
SST Spatial Skill Task G1 Determiningthe distanceof a field to a field
A1 Identifying the father’s box Gz Determiningthe distance of a pointto a field
Az Identifying Arfa’s box Gs Determiningthe distanceof a pointto a line
Az Identifying little brother’s box | The distance of the connecting segment of both geometrical
fields with the lowest value
B: Identifying the distance ofred towardyellow := ** =  Spatial Skill Task
plywood s
B, Identifying the distance of point H to ACG The spatial concept
field. ;
Bs Identifying the distance of pointPto field AG [~~~ ~1 Therepresentingtool
-
C: Presupposing the father’s box sides |:| Reasoning process
C Presupposing Arfa’s box sides fi Spatial perceptions
D: The sketch offather’s box o Spatial visualization
D, The sketch of Arfa’s box O Mental rotation
D3 The sketch ofthe little brother’s box C> Spatial relationship
E; Connectingthe line to determine the distance D Spatial orientation
of afield to another field
E> Connectingthe line to determine the distance ___y,  Promoting mental mechanism

of apointto afield

Es Connectingthe line to determine the distance — Usingother mental structure
of apointtoaline

F Recalling the comparison formula ofthe
spatial diagonal length

The mental structure stage showed the subject did mental encapsulation mechanism without de-
encapsulation. He incorrectly determined the distance of a point to a line but he thought it was already
correct. He did not explain the finishing process completely. It was in line with [45]. The study found that the
obtained results had a doubt,and it made individuals elaborated and recalled their previous knowledge. Thus,
this individual conducted a de-encapsulation process. The subject did not do the de-encapsulation because he
was an FD-typed student. The FD style usually uses previous experience to solve problems. Thus, he could
solve problems without thinking longer. He used his previous experience to do it, although it was incorrect.
Experience is an influential factor of an individual's cognitive development with FD type [46]. It was in line
with [47]. An FD typed student perceived the represented question pattern in the geometrical figure without
seeing the figure structures in detail. In this stage, the subject used the reasoning thinking process correctly
and incorrectly. The subject could reach spatial skill indicators of spatial perception.

In the scheming stage, the subject did thematization by constructing the mental structure action,
process, and object. The thematization result found that the subject could understand and determine the
distance. It was the segment length connecting the two geometrical fields with the lowest value or short.
Unfortunately, the result was incorrect. It was due to the mistakes he made while sketching and determining
the line of the distance. The FD typed subject promoted three spatial thinking elements correctly.
Unfortunately, he made a mistake while sketching the distance of a point to a line. The subject reached the
indicator of spatial orientation indicator in his thematization stage. It proved that he could reach all spatial
skill indicators, although the result was incorrect. He answered based on the given parts, but he could not
explain the problems in detail. Previous study [48] found that an FD typed student learned based on the
object-interaction type with his surroundings and the difficulty of separatingthe items from the context.

The findings showed that field-dependent students did not use the representative thinking element
accurately, so the indicators of spatialperception could not be reached. It caused inaccuracy while solving the
problems. The finding is in line with [49]. The research found that field-dependent typed students could not
extract the important spatial information and could not use it. They also needed the contextual information
than the complex configuration. This study also could not detect the attached figures completely [50]. The
finding is also in line with [51]. The research showed that field-dependent students had lower performance in
the spatial task. They also did not have complex skills in terms of mental rotation. The findings showed that
subjectswith field-dependent cognitive styles had partialtype cognition to reconstruct the geometric concept.
The partial thinking type has some indicators, such as misunderstanding in the representative cognition, lack
of spatial thinking perception, and lack of de-encapsulation mental mechanism, meaning that the students
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could not break the background knowledge to understand the problems. These indicators must be achieved in
the spatialthinking process and developed to create accurate and complete spatial thinking skills.

4.  CONCLUSION

The researchers found the partial cognition of geometric concept reconstruction on the field-
dependent students. This type has some indicators, such as the inaccuracy of spatial thinking skills. It dealt
with the difficulties of the student to create a sketch. The student made it very brief and simple so that it
could not be understood. The result was an inaccurate solution. Secondly, the lack of spatial perception made
the learners inaccurately observed the figures from different positions. The student could not determine the
lines and imagine the lines and the distances. Third, the student did not use a de-encapsulation mental
mechanism. The student did not break and explain the background knowledge since the student believed it
was correct. However, the result was the student did it incorrectly. The indicators must be achieved and
develop to create complete and accurate spatial thinking skills. The students’ thinking processes in
constructing the geometric conceptual understanding were reviewed based on APOS. The field-dependent
students tended to follow the existing experience, lack reconstructing skill, prioritizing the external
knowledge, perceiving a pattern asthe whole unit without breaking it down.

From the findings, the researcher recommends: i) The lecturers to promote the learning approach to
improve the representative thinking element; ii) The students to be guided in explaining and breaking down
the previous knowledge while solving problems; and iii) The future researchers to use APOS theory to
reconstruct the conceptual understanding besides geometric material. This research was limited to the
subjects with field-dependent cognitive type in constructing the geometric concept. Thus, it is recommended
to investigate the other cognitive styles, such as field independent, neutral, reflective, and impulsive types.
The tracing process should also use othertheories, such as Piaget's or Mason’s theory.
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