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Abstract

Teaching and learning deductive proof is one of the most important goals in mathematics
education. According to the APOS theory, learning a concept is facilitated when students
have constructed an adequate APOS mental structure for the concep. There are
characteristics differences between field-dependent and field-independent students in
responding to tasks to construct proofs. The purpose of this study was to analyze the
coherence of the group scheme constructed by students with the high initial ability based
on cognitive style to construct proofs. This study was a qualitative. The research subjects
were determined by the purposive sampling. Data collection using test and in-depth
interviews. The credibility of data was carried out using triangulation. Data analysis used
Miles and Huberman's model. The results showed that the Fl and FN Subjects had
thematized the group scheme and were coherent, while the FD Subject had thematized
the group scheme but was not coherent.

Abstrak
Pengajaran dan pembelajaran bukti deduktif dalam matematika merupakan salah satu
tujuan terpenting dalam pendidikan matematika. Menurut teori APOS (Aksi, Proses, Objek,
Skema), belajar suatu konsep terfasilitasi apabila siswa telah mengkonstruksi struktur mental
APOS yang memadai untuk konsep tersebut. Ditinjau dari gaya kognitifnya, ada perbedaan
karakteristik antara mahasiswa field-dependent dan field-independent dalam merespon
tugas yang memerlukan kemampuan mengkonstruksi bukti. Tujuan penelitian ini adalah
menganalisis koherensi Skema grup yang dikonstruksi mahasiswa dengan kemampuan awal
mengkonstruksi bukti adalah tinggi dan gaya kognitif Fl, FN, FD. Penelitian ini dirancang
sebagai penelitian kualitatif. Subjek penelitian ditentukan dengan teknik purposive sampling.
Teknik pengumpulan data menggunakan teknik tes dan wawancara mendalam. Derajat
kepercayaan data dilakukan dengan teknik pemeriksaan triangulasi. Analisis data selama di
lapangan mengggunakan model Miles dan Huberman. Hasil penelitian menunjukkan Subjek
Fl dan FN sudah mentematisasi Skema grup dan sudah koheren, sedangkan Subjek FD sudah
mentematisasi Skema grup namun belum koheren.

Keywords: APOS; cognitive style; proof; initial ability.
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INTRODUCTION

Proof is a compelling argument that
justifies the truth of mathematical
statements (Anton & Rorres, 2015; Solow,
2014). The role of proof according to
Sarah, et al (2017) is to prove, explain,
systematize, discover and communicate.
A person who can write valid proofs shows
that person has a thorough understanding
of the problem. General representations
such as mathematical symbols or
quantified variables are often used in
formal proof (David, et al, 2016).
Miyazaki, et al (2017, p. 237) states that
teaching and learning deductive proof in
mathematics is one of the most important
goals in  mathematics education.
Stylianides & Stylianides (2007, p. 146)
suggest that a solid knowledge of proof is
essential for teachers of all levels to have.
One of the materials that is loaded with
proof is abstract algebra, including group.
According to Wasserman (2017, p. 200),
the abstractness of abstract algebra is
useful for teachers because it helps them
understand and interpret the
mathematics they are going to teach.
Therefore, prospective teachers need to
learn this material because it can help
later as a teacher to connect advanced
mathematics with school mathematics in
terms of strengthening and deepening
their understanding of the mathematics
they will teach.

The problem of constructing and
understanding proof is faced by students
at every level. Students experience
difficulties in  constructing  quality
mathematical arguments. Writing proof is

crucial (Thomson, et al, 2012; Stylianou &
Blanton, 2011). For  entry-level
undergraduate students, the
mathematical proof is a task that requires
many abilities (Stylianou, et al, 201g5).
Research on this difficulty was carried out,
among others, by Moore (1994), Samkoff,
et al (2012), and xx (yy) who reported that
the largest portion of mathematics
students experienced difficulties in
understanding, constructing, and
validating proof. On the other hand, Mills
(2014, p. 106) states that undergraduate
mathematics majors are expected to be
able to understand mathematical proofs
and write their original proofs. Therefore,
there appears a gap between
understanding the expected proof and
students' difficulties in learning proof.

Mathematical maturity is required
to study abstract algebra (Malik, et al,
2007, p. V; Fraleigh, 2014, p. lij;
Hungerford, 1984, p. Ix). Proof-based
courses such as abstract algebra include
logic, sets, relations, and functions
(Hammack, 2013; Selden & Selden, 2003;
Grillet, 2007). Based on these facts,
students can be grouped based on their
initial ability to construct proofs on set
material and functions. It should be
assumed that students with the high
initial abilities are better at learning
abstract algebra.

Problem solving is an important
element of mathematical thinking
(Drijvers, et al 2019, p. 1). In university
mathematics courses, the activity of
constructing proof can be viewed as a
problem-solving task in which the person
who proves is asked to make logical
justifications indicating that certain
statements must be true (Weber, 2005, p.
351; Schoenfield as cited by Selden &
Selden, 2003, p. 6; Mamona-Downs &
Downs, 2005, p. 397). Therefore, to be
able to construct proofs properly requires
problem-solving skills. The way that is



done  consistently in  capturing,
understanding, and processing new
information, and solving problems is
called cognitive style (Witkin &
Goodenough as quoted by Cataloglu &
Ates, 2014, p. 702; Altun & Cakan, 2006, p.
290).

There are various cognitive styles,
one of which is field-dependent/
independent. The characteristics of field-
independent students are choosing the
deductive method, using more cognitive
and metacognitive strategies, preferring
to work independently, excel in problem-
solving  tasks. In  contrast, the
characteristics  of  field-dependent
students are that they prefer inductive
methods, tend to use social strategies,
prefer group-oriented and collaborative
work situations, excel in the knowledge
domain that focuses on social problems
(Dowlatabadi & Mehraganfar, 2014, p.
102; Ates & Cataloglu, 2007, p. 175). Based
on the characteristics of field-dependent /
independent  students and  the
characteristics of group theory course
material, the gap that appears between
the abilities needed to study proof
construction and student cognitive style is
more likely to occur in field-dependent
students. To minimize this gap, a learning
process is pursued by providing initial
training with a clear structure, providing
lots of examples and non-examples, lots
of information, consistent feedback,
scaffolding, pairing field-dependent and
field-independent students in learning
(Musser, 1998).

According to Piaget (Asimow,
2013; Cousins, 2010), there are three kinds
of knowledge, namely social knowledge,
physical  knowledge, and logico-
mathematical  knowledge.  Logico-
mathematical knowledge is knowledge
constructed in the learner's mind,
knowledge of relationships. The mental
mechanism by which all logico-
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mathematical structures are obtained by
Piaget (as cited by Arnon, et al, 2014, p. 6)
is called reflective abstraction in
mathematics. Dubinsky (as quoted by
Arnon, et al, 2014) believes that reflective
abstraction can be a powerful tool in
describing the mental development of
advanced mathematical concepts.

According to Piaget and adopted
by APOS Theory (Action, Process, Object,
Schema) (Arnon, et al, 2014, p. 19), the
conceptis understood first of all as Action.
The interiorized action is a Process. At this
stage, the individual reduces dependence
on physical activity. Interiorization is
characterized by the ability to apply
symbols, language, images, and mental
images to construct internal processes as
a way of understanding perceived
phenomena (Brijlall & Bansilal, 2010, p.
133). Dubinsky, et al (2005, p. 339) states
that if a person becomes aware of the
Process as a totality, realizes that
transformation can act on that totality,
and can construct the transformation
(explicitly or in someone's image), then it
is said that the individual has
encapsulated the Process into Cognitive
Objects. A Schema is defined in APOS
Theory as an individual’s collection of Ac-
tions, Processes, Objects, and others
Schema linked consciously or
unconsciously in a coherent framework in
the individual’s mind. (Arnon, 2014: 192).
The coherence of the schema s
determined by the individual's ability to
determine whether it can be used in a
particular mathematical situation.

In a preliminary study of proof
learning, facts are obtained that show
prospective teachers experience
difficulties which indicate that students
have not constructed adequate mental
structures for the group concept. This
condition has not fulfilled the hypothesis
on learning so that learning has not been
facilitated. According to the APOS theory,
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it is almost impossible for these students
to learn the concepts of group.

Students with the initial ability to
construct proofs in the high category are
assumed to have no difficulty in studying
the proving material, in this case, the
group material. Interms of cognitive style,
there are differences in characteristics
between field-dependent and field-
independent students in responding to
tasks that require the ability to construct
proofs. This will have an impact on the
differences in group Schemes constructed
by students. Because the constructed
group Scheme plays a role in solving
various problems related to the group, it is
necessary to analyze the coherence of the
group Scheme constructed by students.
The indicators of the coherent group
Scheme constructed by students used in
this study are (1) able to provide group
example and its proof; (2) able to apply a
variety of group properties to solve
related problems; and (3) able to examine
the various properties of the group. This
study aims to analyze the coherence of
the group Schemes constructed by
students. According to Witkin, students
with field-dependent cognitive styles can
be guided in handling problem solving
such as constructing proof so that they
can perform as well as field-independent
students and vice versa. Therefore, the
results of this analysis can be used to
design group learning materials so that
each student can construct the expected
group Scheme.

METHODOLOGY

This study was designed as a qualitative
study. The findings of the group Schemes
constructed by students were

qualitatively revealed based on their
cognitive styles. Research subjects were
determined by purposive sampling
technique and subject selection using the
GEFT instrument (score 0-18) developed
by Witkin and students' initial ability to
construct proofs (score 0-100) developed
by the researcher. Students’ cognitive
styles in this study were classified into 3
categories, namely field-independent
(score 15-18), field-neutral (score g9-14),
and field-dependent (score 0-8), while
students' initial ability in constructing
proof was classified into 3 categories,
namely high (score x = 81 ), medium
(score 61 < x < 81), and low (score x <
61) . The research subjects were 3
students, namely students with the high
initial abilities and field-independent
cognitive style (Fl), field-neutral (FN), and
field-dependent (FD). The data source is
students at a university in (zz) who were
taking courses that contain group
material. The research variable is the
ability to construct proofs. The
instruments used were: (1) Group
Embedded Figure Test (GEFT), (2) Initial
ability test of constructing proof, (3) test
of constructing proof on group material,
(4) interview guidelines. Data collection
techniques using test techniques and in-
depth interviews. The credibility of the
research data was carried out using
triangulation techniques. Data analysis
while in the field used Miles and
Huberman's model, namely data
reduction, data display, and conclusion
drawing/verification.

RESULT AND DISCUSSION

Result

© 2020, Kreano, Jurnal Matematika Kreatif-Inovatif. UNNES
p-ISSN: 2086-2334; e-ISSN: 2442-4218




At the beginning of the lecture, which
contained group material, the topics of
sets, mapping, and binary operations
were presented. An overview of students'
initial ability in constructing proof was
obtained through an essay test of binary
operation which consisted of 4 problems.
Based on the scores obtained from the
results of this test, students are grouped
into 3 categories, namely high, medium,
and low. Furthermore, the GEFT was
carried out to determine the cognitive
style of students. The research subjects
were 3 students with the high initial
abilities and cognitive styles of Fl, FN, and
FD.

The learning was carried out based
on the APOS theory with the stages of
Activities, Classroom Discussions, and
Exercises. In the Activities stage, students
work in groups working on assignments
on the Student Task Sheet (LTM) with the
aim that students construct mental
structures of Processes and Objects. At

the Classroom 7
Discussion stage, the
lecturer allowed :

students to reflect on
their work during the
Activities stage. In this
activity, the lecturer
may provide definitions,
explanations, and
present an overview to
unify what students
have thought and done
during the Activities

stage. At the Exercises £ 2

stage, students work in
groups working on
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Through activities at the Classroom
Discussion and Exercises stage, it is hoped
that students can construct mental
structures of Objects and Schemes. At the
end of the lesson, students do the essay
test on the ability to construct proofs. The
test consists of 3 questions to measure the
predetermined indicators, namely
students can (1) give an example of a
group and provide proof; (2) apply various
group properties to solve related
problems; and (3) examine the various
properties of the group.

The following presents question
number 1 and the results of the analysis of
the schemes constructed by the FI, FN,
and FD subjects. Problem 1 was intended
to reveal whether the subjects have
thematized the group Scheme.

Problem 1

a. Write a group definition.

b. Give an example of a group and prove
it.

Figure 1 is the work of Problem 1 of the FI

' o -

I
q

Figure 1 The Work of Problem 1 of the FI Subject

exercise questions
which consist of ;i
standard questions
designed to strengthen
activities in the
Activities and Classroom
Discussion stages.

Subject.
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FI  Subject can write group
definition  correctly. Symbols and
notations are presented appropriately
and mathematical language is used
correctly, but associative properties are
only expressed in the mathematical
language without using symbols.

The FI Subject can properly
exemplify the group i.e < Z,+>. The FI
Subject shows the applicability of the
associative property of addition to the set
of integers wusing symbols and
mathematical language correctly. Group
axioms have been thematized by the FI
Subject which are demonstrated in
examining the associative property, the
existence of the identity element, and the
inverse element. The FI Subject has
constructed a mental structure Schema
for the definition of a group, axioms
fulfilling associative properties, the
existence of identity elements, and the
existence of inverse elements. This is
shown by the ability of the FI Subject to
proving the validity of the associative law,
the existence of the identity element, and
the existence of the element inverse with
valid steps.

The FI Subject has constructed the
mental structure of Object for the
addition of binary operation on the set of
integers with the indicator being able to
check the addition of binary operations
satisfies associative properties, the
existence of identity element, and the
existence of element inverse. In this
section, Fl Subject correctly states
associative property and identity element
with symbols and language. In contrast, Fl
Subject states the definition of a group in
mathematics language correctly for
associative axiom and uses symbols for
the existence of identity element and the
existence of an inverse element.

Based on the description above,
the coordination between the set of

integers, binary operation of addition, and
group axioms has been carried out by the
FI Subject properly and correctly. The Fl
Subject can give an example and prove an
example is a group. The ability of the FI
Subject to determine that the set of
integers under addition is a group
indicates that the group Scheme has been
thematized.

Figure 2 is the work of Problem 1 of
the FN Subject.



Based on Figure 2, the FN Subject
can write the group definition with
symbols and mathematical language
appropriately. The FN Subject can
properly exemplify the group, namely
< Z, +>, without describing the symbol.
The FN Subject shows the associative law
of addition on the set of integers using the
associative property argument to be
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existence of the inverse element for the
addition of the set of integers
accompanied by the correct use of
symbols.

The following are excerpts of the
interview to reveal the mental structure
that the FN Subject constructs for the

group.

Based on the results of the work in

SUBJECT | CONTENT OF INTERVIEW NUMBER
of LINE

I Do you remember the definition of a group? 1

FN | will try ma'am ... Suppose G is a non-empty set | 2
and includes a binary operation *. A set G is
called a group if the binary operation * is
associative on G, there is an identity element e
for * on G, and each element in G has an inverse
for*onG.

[ Good! What is the identity element? 3

FN Let A be set and e € A. The element e is an | 4
identity element if ea = a = ae for each a is an
element of A.

I How do you show that e is an identity element? | g

FN If it is known that e is an element in 4, then the | 6
step to show that e is an identity element is to
take any element of a in A then show ea = a =
ae.

I What does X (calling the FN Subject) know if bis | 7
an inverse of a.

FN ab = e = ba 8

I If you are asked "does an element a have an |9
inverse?" what should you do?

FN Choose an element, namely b in A such that 10

ab = e = ea

I According to X (mentioning the name of the FN | 11
Subject) why the addition of integers is
associative?

FN Because the addition of numbers applies 12
(a+b)+c=a+ (b+c)forany number.

proved. The FN Subject can show the
existence of the identity element and the

Figure 2 and the interview excerpt above,
the FN Subject can write a group
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definition with the correct language and
symbols. This shows the FN Subject

constructs a Da.fM':s;\E;cf\mG

mental
structure
Schema for
group
axioms.
Since the FN
Subject
shows
associative
law using the
properties to
be shown, it
is said that
the FN
Subject
constructs
the mental
structure of
Process for
associative
axiom.

Furthermore, the FN Subject succeeded in
showing the axiom of the existence of the
identity element and the existence of the
inverse element with the correct steps.
The FN Subject is said to have constructed
a mental structure Schema for the axioms
of the existence of an identity element
and an inverse element. The FN Subject
uses language and symbols correctly.
Therefore, the FN Subject is said to
construct the mental structure of Process
for language and symbols.

The membership of the integer set
can be recognized well by the FN Subject
with an indicator that can identify the
identity element and the inverse element
for the addition of the set of integers. This
the FN Subject has

shows that

constructed a mental structure for Action
for the set of integers.

naginan L0k kosong yng  diengrai Oparas binar * > <Gk
disbut g gika: L, M o B

| Opesa&  bres * bordEat  asonalti¢

2 Terdapthmm IdGAS  pada  opercd bitee » di €

3. Gavap  olmen di G ol l0vers  pada  epuad Gec e .
b. Contoh grup - ( Z3 +7)
- Al a4, b, ¢ € Z ¢pr

Me (@tW)t¢C = a—+ (h+Q)

(axb)+ ¢ =a+b +¢C
- = a+ (htc)  @wrar pnunahan  pracgan bolat

Jadi Vab,c €Z bQ-((C\K\lw 60*6) ‘1:(‘ :q'('(b(-() gmqug(-:l‘ v ‘OU'(QM
Gtak  asewant  pada  penjunichon K Z

2.0h e = 0, godas €4 Z
Aol - a € Zz  <br
date = A+40 =9 ....|)
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CDari i) dan i) ;hfm@\w Ak = 05 eskd, o oo
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3 PGl a € Z Sbr

T Plh A = =a
B dl = A4f-a) =8 28 ss. 1) -
T it el A e D e = B 0

Daci 1) dan i) opoeh a+a' = € =d +a . -

© Judi) YaEZ Faez Hata-e-q+a.

S a1, 2, dan 3y dipuoien  bakwa 42,47 mompakan grup -
Figure 3 The Work of Problem 1 of the FD Subject

The FN Subject can examine the
addition  satisfying  properties  of
associative, identity element, and inverse
element. In this section, the FN Subject
states properties of associative, identity
element, and inverse element with the
correct symbols and language. This shows
that the FN Subject has constructed the
mental structure of Object for addition on
the set of integers associated with
properties of associative, identity
element, and inverse element.

Based on the description above,
the coordination between the Processes
of the set of integer numbers, the binary
operation of addition, and group axioms
has been carried out by the FN Subject
properly. The FN Subject can give an




example and prove the example is a
group. The ability of the FN Subject in
determining that a set of integers under
the addition is a group indicates that the
group Scheme has been thematized.
Figure 3is the work of Problem 1 of the FD
Subject.

The FD Subject can state the

group definition using the correct
language but not accompanied by using
symbols.
Based on the results of the work in Figure
3 and the interview, the FD Subject wrote
the group definition using the correct
language. The meaning of the axioms
stated in the group definition has not been
explained. It can be said that the FD
subject constructs the mental structure of
the Process for the group definition.

The FD Subject can exemplify the
group correctly, using the symbol
< Z, +> but not mentioning the meaning
of the Z symbol.

The FD subject succeeded in showing the
associative law of addition on Z and
concluded with symbols and
mathematical language correctly.
Furthermore, the FD Subject concluded
the existence of identity element for the
addition on Z with symbols. This
complements the existence of an identity
element in the definition expressed in
language.

The FD Subject showed that each element
in Z has an inverse for the addition on Z.
The FD Subject concluded with symbols.
It also complements the existence of an
inverse element in the language-
represented definition.

Since the FD Subject can show the axioms
of associative, the existence of identity
element, and the existence of an inverse
element, it is said that the FD Subject has
constructed a mental structure of Schema
for the axioms of associative, the
existence of identity element, and the
existence of an inverse element.
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The membership of the set of
integers can be recognized well by the FD
Subject which is characterized by being
able to identify the identity element and
the inverse element for the addition on
the set of integers. This shows that the FD
Subject has constructed a mental
structure of Action of the set of integers.

The FD Subject has constructed
the mental structure of Object for the
addition on the set of integers with the
indicator being able to check the addition
satisfies the properties of associative,
identity element, and inverse element. In
this section, the FD Subject states the
associative law with symbols and
language but other axioms only use
symbols. In contrast, the FD Subject
stated the group definition in the
mathematical language without symbols
correctly. This shows that the FD Subject
can express group axioms using language
and symbols correctly. Thus, it is said that
the FD Subject has constructed the
mental structure of Process for language
and symbols.

Based on the description above, the
coordination between the set of integers,
the binary operation of addition, and
group axioms were carried out by the FD
Subject.

The Schema of the group has been
thematized which is shown by the ability
to determine the set of integers under
addition is a group.

In Problem 1, the three Subjects
gave the same example for the group,
namely the set of integers under addition
and the three Subjects were able to prove
it. The result of the analysis of the work of
this problem was the three Subjects of Fl,
FN, and FD have thematized the group
Scheme.

Furthermore, the three Subjects'
abilities were analyzed in applying the
group characteristics to solve the
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problems at hand. Problem 2 was used to
reveal this ability.

Problem 2

Write the Lagrange's Theorem

Let @:G - G be a group
homomorphism. Show that if |G'| is finite
then |@(G)| is finite and divide |G'|!
Figure 4 is the work of Problem 2 of Fl
Subject.

that if ¢:G — G’ is a homomorphism
and K is a subgroup of G, then ¢(K) is a
subgroup of G'. The proving step is carried
out following the statement that must be
proven, namely showing ¢(K) is a non-
empty subset of G'and for every x,y €
@ (K) satisfiesxy™! € ¢(K). Then, the Fl
Subject applies the finite group property
of G' to apply Lagrange’s Theorem at the
end of the proof.
The results of the
interview  showed
that the FI Subject

could prove Prob-

lem 2 correctly.

Based on Figure 4
and the results of
the interview, the Fl

Subject can apply

Figure 4 The Work of Problem 2 of the FI Subject

The FI Subject can write
Lagrange’s Theorem using language and
symbols correctly.

Based on Figure 4 and the results of the
interview, the FI Subject can write down
Lagrange’s Theorem correctly. The lan-
guage and symbols are used
appropriately.

Based on Figure 4, the Fl Subject can
apply properties of finite groups, the map
of a finite group, and Lagrange’s
Theorem. The proof begins by showing

< 6 «rene o the properties of
the group in proving
Problem 2.

Figure 5 is the work
fla) ¥Ch)- of Problem 2 of the
FN Subject.

Based on Figure 5,
the FN Subject can
g write  Lagrange’s
didapat Theorem correctly.
In the proof, the FN
Subject has not
written  what is
completely known. In the step of the
proof, the FN Subject does not show a
statement that if ¢:G - G' is a
homomorphism and K is a subgroup of G
then ¢(K) is a subgroup of G’ but directly
uses this result. At the time of the
interview, the FN Subject could indicate
that @(K) is a subgroup of G’ .
Furthermore, using the property of G’ to
be a finite group, the FN Subject applies
Lagrange’s Theorem to end the proof.



Based on Figure 5 and the results of the
interview, the FN Subject can apply the
properties of groups to prove Problem 2.

Figure 6 isthe work of Problem 2 of the FD

a. Teorema  Lagmnge -
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properties of the group to solve Problem
2.

Furthermore, the three Subjects’
abilities were analyzed in proving group

Micalkan G grup  berfingaa  dan K £G waka omler ¥ wmewbagi  order & .
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_ Berdoctan  Teorema  laqange , mova 16| membogi 167 . .

jadi ,  Wntlk

dika 16’ berhinggo  taka '@

(6)) berhingga dan membagi 16

Figure 5 The Work of Problem 2 of the FN Subject

Subject.
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hdk Qo) < ¢ .

We) = LU | x € Y — Dyenee — @ew) .
Dart  deprid  jalos  ahwa  Wl@) £ G.

@ mndea 1S mamgagi 1el.

W:% —» o' homomerkwa qup

properties. Problem 3 is used to reveal this
ability.

dan \@@| membagi \a|

Docdosackad  Toorema  \agradgl, sika W(e) €@ makca (VWG| cembagr (G,
Figure 6 The Work of Problem 2 of the FD Subject

Based on Figure 6, the FD Subject is not
quite rightin writing Lagrange’s Theorem.
The statement in the form of implication
has not been stated correctly. The FD
Subject can write a statement that must
be proven. The initial step of the proof
taken by the FD Subject was to show
¢@(G) is a subgroup of G in the domain
of ¢ . The FD Subject proved this
statement by arguing that from the
definition of @(G), it was clear that ¢ (G)
was a subgroup. This indicates that the FD
Subject does not understand the proof of
this statement. Furthermore, the FD
Subject has not used finite group
properties to apply Lagrange’s Theorem.
Based on Figure 6 and the results
of the interview, the FD Subject did not
understand the statement that had to be
proven and was unable to apply the

Problem 3
Write down the definition of a cyclic
group.
Prove that if G is a cyclic group generated
by a and N is a normal subgroup of G,
then G/N is a cyclic group generated by
Na.

Figure 7is the work of Problem 3 of
the Fl Subject.

BN sournALs
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Based on Figure 7, the FI Subject
can write the definition of cyclic group
correctly. The FlI Subject can show the

a- Dejnisi orup aklik .

Figure 7 The Work of Problem 3 of the FI Subject

Figure 8 isthe work of Problem 3 of

the FN Subject.
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Figure 8 The Work of Problem 3 of the FN Subject

s

G/N is a factor group to be cyclic in the
correct steps. Based on Figure 7 and the
results of the interview, the FI Subject can
apply the property of the cyclic group G in
the proof and the FI Subject can examine
the property of the group.

Based on Figure 8, the FN Subject can
write down the definition of a cyclic group
correctly. The FN Subject can prove Prob-
lem 3 correctly, although there are still
some steps that have not been explained
with the argument, namely Na™ =
(Na)™. At the time of the interview, the



FN Subject was able to explain this
argument.

Based on Figure 8 and the results
of the interview, it was obtained that the
FN Subject could apply the properties of
the cyclic group G in the proof and the FN
Subject could examine the properties of
the cyclic group of the G /N factor group.

Figure gisthe work of Problem 3 of
the FD Subject.
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examine group properties. Likewise, with
the FN Subject, but the presentation of
proof of the FN Subject still requires
further explanation. The FD Subject has
not been able to apply group properties in
proving and also cannot examine group
properties. The following is a discussion of
group Schemes for each subject.

) a- Misakan G ogup , g o= £a% | NEZ Y Unue @aw o € G, O meupakar

gy «lie  deagan

b Ditsaosi € - gy gewlc = {a"10€ZY. caa N 2 G
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N2g waka “aN = Na

Na" = (Na Na - __. ... Na)
Kaceaa WNa® = Na '
dads, ©O/N = Q Na ™ W\ ﬂé“Z_B A

Figure 9 The Work of Problem 3 of the FD Subject

Based on Figure g, the FD Subject can
write down the definition of a cyclic group
correctly. The FD Subject has not been
able to apply the properties of the cyclic
group G to examine the cyclic properties
of the G /N factor group. In the interview,
the FD Subject did not understand the
elements of the factor group and the
cyclic properties correctly.

Based on Figure g and the results
of the interview, the FD Subject has not
been able to apply the properties of the
cyclic group G in proof and the FD Subject
has not been able to examine the cyclic
properties of the G /N factor group.

Discussion

Based on the results of the analysis on the
work of Problem 1, 2, and 3, the three Fl,
FN, and FD Subjects can provide
examples of groups and are equipped with
the proof correctly. The FI Subject can
apply group properties in proving and can

0QIOkIC A

connaga Na" = Na.

maka  Na  micUpaken gengraree  dar, N/KC

The FI Subject’s group Schemes

The Fl Subject can define sets and binary
operations  constitute groups, can
instantiate and show that a set together
with a binary operation is a group. The FI
Subject can check all the properties of a
binary operation. All group axioms are
correctly understood. The group Scheme
is thematized and coherent. The Fl
Subject can check the properties of the
group and can apply the properties of the
group when solving the problems faced so
that it is said that the FI Subject group
Scheme is coherent.

The FI Subject is a subject with a
field-independent cognitive style and the
high initial ability to prove. Witkin et al
(Oh & Lim, 2005: 55) stated that several
characteristics of FI students are well-
organized and structured in their learning.
These characteristics support students to
study group material. In the interview, it
was revealed that the FI Subject had no
difficulty in carrying out proving steps
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including the use of language and
mathematical symbols. The FI Subject
realizes that logic, set, and mapping are
very important and exercises help to solve
proving problems. This ability
accompanies the characteristics of the Fl
Subject so that he succeeded in carrying
out proving activities. The expression of
the Fl Subject is in line with Weber (2004:
p.128) that students must have a basic
understanding of logic to attend
advanced mathematics courses. In
accordance with the results of this
interview, Blanton & Stylianou (2014: p.
77) stated that students struggle with
what supports proof.

The FN Subject’s group Scheme
The FN Subject can define a set together
with a binary operation is a group and the
FN Subject can exemplify and show that a
set that is equipped with a binary
operation is a group. The FN Subject has
already thematized the group Scheme.
The FN Subject can examine the
properties of the group and can apply the
properties of the group when solving the
problems faced so that it is said that the
FN Subject group Scheme is coherent.
The FN Subject is a subject with a
field-neutral cognitive style and the high
initial ability to prove. The FN Subject can
write the definition and use language and
symbols appropriately. Learning how to
use symbols correctly is a significant
challenge for most students (Durand-
Guerrier, et al, 2012: 374). Basic symbolic
skills must be mastered by students and
sufficient experience to work with
concepts at the symbolic level (Weber,
2004: 128). According to Miyakawa (2017:
p.15), mathematical symbols help readers
to quickly grasp ideas in the proof. Proof
and language are closely related,
especially in mathematics (Balacheff,
2008: p. 510). Language can contribute
significantly to understanding

mathematical reasoning and proving
practice (Williams-Pierce, et al, 2017: p.
257).

The FD Subject’s group Scheme

The FD Subject can define a set and a
binary operation is a group and can
exemplify and show a set together with a
binary operation as a group. The FD
Subject can examine all the properties of
the binary operation and group axioms
correctly. Based on this fact, the FD
Subject is said to have thematized the
group Scheme. This thematized group
scheme has not been followed by the
ability of the FD Subject to check group
properties and apply group properties to
solve problems. The FD subject still has
difficulty in proving it. This shows that the
FD Subject group scheme is not coherent
yet.

The FD Subject is a subject with a
field-dependent cognitive style and the
high initial ability to prove. The
characteristics of students with a field-
dependent cognitive style require more
explicit instruction in problem-solving
strategies (Witkin, 1977). Constructing
proof can be viewed as an advanced
problem-solving task (Mamona-Downs &
Downs, 2005: p. 397; Cai, Mamona-
Downs, & Weber, 2005: p. 219; Selden &
Selden, 2003: p. 6). The FD Subject can
write the definition of group correctly. To
construct proofs requires the ability to
dismantle and logically manipulate
definitions (Weber, 2004: p. 127). When
constructing proof, one can start with
definitions, known assumptions, and use
logical inference including applying
theorems (Mejia-Ramos, Weber & Fuller,
2015: p. 188). Edward & Ward (2004: p.
411) states that students know well the
content of the definitions they use, but
this is not enough. Students also need to
understand the role and use of definitions
in mathematics. Difficulties arise from



students’ understanding of the properties
of mathematical definitions, not only
from the content of definitions. Students
experience difficulty when trying to write
mathematical proofs in an introduction to
abstract algebra, real analysis, or number
theory. This difficulty was experienced by
the FD Subject. The FD Subject's
understanding of the prerequisite
material for constructing proof is in the
high category, but the understanding of
the prerequisite material, namely logic,
the set, and the necessary mapping, may
not be sufficient. This understanding still
has to be followed, one of which is the use
of adequate mathematical language
(Koichu & Leron, 2015: 243). The FD
Subject has not been able to use language
and symbols correctly. Canadas, Molina &
Rio (2018: p.1) state that students may
have difficulty giving meaning to
algebraic symbolism. Difficulties in the
use of language and symbols are one of
the triggers for the group Scheme
thematized by the FD Subject which is not
coherent yet. In line with Stylianoy,
Blanton & Rotou (2015: p. 91) the FD
Subject still has difficulty in proving. One
possible note is that students may not
have a sufficient understanding of what
constitutes/supports the proof (Inglis &
Alcock, 2012: p. 360). There are
circumstances in which students are
expected to state what the definition
stipulates before applying theorems to
draw conclusions (Dimmel, 2018: p. 281).

At the Activities stage of learning,
the FD Subject stated that the FD Subject
always did the LTM well because it was
very helpful. At the Classroom Discussion
stage, the FD Subject could understand
the explanation at the beginning, but at
end the concentration had decreased. To
overcome the understanding of the
material at the end, the FD Subject asked
a friend. At the Exercise stage in learning,
the FD Subject in the interview revealed
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difficulties in working on exercises. Scusa
(2008) states that mathematical
reasoning is a complex skill so it requires a
lot of practice. According to Musser
(1998), the characteristics of the FD
students must use repetitive learning
strategies or exercises. The time
dedicated by the FD Subject to do
exercises in one week of fewer than 3
hours is not sufficient.

CLOSING
Conclusion

The coherence of the group Scheme
constructed by students with the high
initial ability and the cognitive style of Fl,
FN, FD to construct proofs is as follows.
The Fl Subject has already thematized the
group Schema, «can check group
properties, and can apply group
properties. The group Scheme of the Fl
Subject is coherent. The FN Subject has
already thematized the Group Schema,
can check group properties, and can apply
group properties. The FN Subject group
Scheme is coherent. The FD Subject has
already thematized the group Scheme,
but cannot check the group properties
yet, and cannot apply the group
properties yet. The FD Subject group
Scheme is not yet coherent.

Suggestion

The coherence of the Schema
determines the individual's ability to use the
Schema in certain mathematical situations.
The group Scheme coherence plays a role in
solving various problems related to the group.

According to Witkin, students with FD
cognitive style can be guided in handling
problem solving such as constructing proof so
that they can perform as well as Fl students.
Therefore, the results of this study can be
used to design group learning materials so
that each student can construct a coherent
group Scheme.
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For group Schema coherence to be
achieved, one alternative to group
material learning that can be done is to
reinforce the method of proof, logic, set,
and mapping. This strengthening can be
carried out at several initial meetings
integrated with introductory material.
The reinforcement model in the effective
method of proof, logic, set, and mapping
can be studied further.

Besides that, it also provides
assignments that support students in
constructing the schemes that are given
before lectures on related material. The
FD students are given more assignments
with guiding questions. Further research
is needed to determine the form of tasks
that encourage the formation of a
coherent Scheme.
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Abstract

Teaching and learning deductive proof is one of the most important goals in mathematics
education. According to the APOS theory, learning a concept is facilitated when students
have constructed an adequate APOS mental structure for the concep. There are
characteristics differences between field-dependent and field-independent students in
responding to tasks to construct proofs. The purpose of this study was to analyze the
coherence of the group scheme constructed by students with the high initial ability based
on cognitive style to construct proofs. This study was a qualitative. The research subjects
were determined by the purposive sampling. Data collection using test and in-depth
interviews. The credibility of data was carried out using triangulation. Data analysis used
Miles and Huberman's model. The results showed that the FI and FN Subjects had
thematized the group scheme and were coherent, while the FD Subject had thematized
the group scheme but was not coherent.

Abstrak
Pengajaran dan pembelajaran bukti deduktif dalam matematika merupakan salah satu
tujuan terpenting dalam pendidikan matematika. Menurut teori APOS (Aksi, Proses, Objek,
Skema), belajar suatu konsep terfasilitasi apabila siswa telah mengkonstruksi struktur mental
APOS yang memadai untuk konsep tersebut. Ditinjau dari gaya kognitifnya, ada perbedaan
karakteristik antara mahasiswa field-dependent dan field-independent dalam merespon
tugas yang memerlukan kemampuan mengkonstruksi bukti. Tujuan penelitian ini adalah
menganalisis koherensi Skema grup yang dikonstruksi mahasiswa dengan kemampuan awal
mengkonstruksi bukti adalah tinggi dan gaya kognitif Fi, FN, FD. Penelitian ini dirancang
sebagai penelitian kualitatif. Subjek penelitian ditentukan dengan teknik purposive sampling.
Teknik pengumpulan data menggunakan teknik tes dan wawancara mendalam. Derajat
kepercayaan data dilakukan dengan teknik pemeriksaan triangulasi. Analisis data selama di
lapangan mengggunakan model Miles dan Huberman. Hasil penelitian menunjukkan Subjek
Fl dan FN sudah mentematisasi Skema grup dan sudah koheren, sedangkan Subjek FD sudah
mentematisasi Skema grup namun belum koheren.

Keywords: APOS; cognitive style; proof; initial ability.
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INTRODUCTION |

Teaching and learning deductive proof in
mathematics is one of the most important
goals in  mathematics  education
(Miyazaki, et al., 2017; Anton & Rorres,
2015, Solow, 2014; David, Yopp, & Rob,
2015; Sarah, Bleiler, & Jeffrey, 2017; Mills,
2014). Group theory is an abstract topic
involving formal definitions, theorems,
and proofs. Theorems are deduced from
axioms. As an abstract subject, group
theory is open to misconceptions at the
more general levels of proof and logical
reasoning (Alcock, et al., 2015). The char-
acteristic of group theory emphasizes on
the abstract thinking aspect (Putra & Kris-
tanto, 2017). According to Wasserman
(2017), the abstractness of group theory is
useful for teachers because it helps them
understand and interpret the
mathematics they are going to teach.
Therefore, prospective teachers need to
learn this material because it can help
later as a teacher to connect advanced
mathematics with school mathematics in
terms of strengthening and deepening
their understanding of the mathematics
they will teach. In group theory lectures,
knowledge of the student’s concept of
group should include understanding vari-
ous mathematical properties and con-
structing examples. (Dubinsky et al,
1994).

APOS theory is a constructivist
theory of how learning mathematical
concepts occurs. The hypothesis on
learning according to the APOS Theory is
facilitated learning if individuals have
adequate mental structures for certain
mathematical concepts. If there is no
adequate mental structure then learning
concepts is almost impossible. (Arnon,
2014). In the APOS Theory, there are four

_ JOURHALS

mental structures, namely Action, Pro-
cess, Object and Scheme.

According to Piaget and adopted
by APOS Theory (Arnon, et al, 2014), a
conceptisunderstood first of all as Action.
The interiorized Action is a Process.
Dubinsky, et al (2005) states that if a
person becomes aware of the Process as a
totality, realizes that transformation can
act on that totality, and can construct the
transformation (explicitly or in someone's
image), then it is said that the individual
has encapsulated the Process into the
cognitive Object. A Schema is defined in
APOS Theory as an individual’s collection
of mental structures Actions, Processes,
Objects, and others Schema linked
consciously or unconsciously in a coherent
framework in the individual's mind
(Arnon, etal., 2014). The coherence of the
Schema is determined by the individual's
ability to determine whether it can be
used in a particular mathematical
situation. The indicators of the coherent
group Scheme constructed by students
used in this study are (1) able to provide
group example and its proof; (2) able to
apply a variety of group properties to
solve related problems; and (3) able to
examine the various properties of the
group.

The way that is done consistently
in  capturing, understanding, and
processing new information, and solving
problems is called cognitive style (Witkin
& Goodenough as quoted by Cataloglu &
Ates, 2014; Altun & Cakan, 2006). There
are various cognitive styles, one of which
is field-dependent/ independent. The
characteristics of field-independent (Fl)
students are choosing the deductive
method and excel in problem-solving
tasks. In contrast, the characteristics of
field-dependent (FD) students are that
they prefer inductive methods and excel
in the knowledge domain that focuses on
social  problems  (Dowlatabadi &
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signifikan pada review sebelumnya. Perbaikan yang Anda lakukan
pada review kali ini dapat saya terima.




Mehraganfar, 2014; Ates & Catalogly,
2007). The characteristics of the cognitive
style of FD that prefer inductive methods
are not in line with the characteristics of
the group material, namely axiomatic de-
ductive. The differences in characteristics
between FD and Fl students in responding
to tasks that require the ability to
construct proofs will have an impact on
the differences in group Scheme
constructed by students.

Mathematical material is
systematic, the concepts to be studied
have prerequisites that must be mastered
by students. Students will connect the
new knowledge they have acquired with
the initial knowledge they have
(Ruseffendi, 2006; Wahyudin 2012). This
isin line with Soehakso in Hanifah & Abadi
(2018), Rubowo (2017), and Dubinsky, et
al. (1994) which states that the student’s
ability in algebra, including groups, is
closely related to the provisions of
students when studying at a previous
level, especially set and functions.
Melhuish, et al. (2019) argue that binary
operations are one of the fundamental
structures underlying our algebraic
systems that rely on sets and functions.
Cecco (in Jamaan et al., 2020) states that the
initial ability is the knowledge and skills
possessed by students before they move on
to the next level. Initial ability in this study is
the ability to construct proof on binary
operations. Based on the academic
guidelines at the university where this
research took place, students with a score
of 81 received an AB grade. Students with
a minimum score of 81 are categorized as
high. Students with high initial abilities
should be able to construct a coherent
group Scheme. However, students with
high initial ability may have a cognitive
style of FD who prefers an inductive
method that is not in line with the
characteristics of the group material.
Therefore, it is necessary to do an analysis
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regarding the coherence of the group
Scheme of students with high initial
abilities. In order to students to achieve
the mental structure of the group scheme,
it is needed to pay attention to their initial
ability to construct proof.

Various studies on the proof for
group theory have been carried out.
Thompson, et al.,, (2012); Stylianou &
Blanton, (2011) conducted research on the
importance of writing proof, while Moore
(1994), Samkoff, et al. (2012) conducted
research on students' difficulties in
proving. The leveling on proof carried out
by Sowder & Harel (1998), Weber (2004),
and Isnarto (2014). However, research has
not found the coherence of group
schemes associated with cognitive style
and students' initial ability to construct
proof.
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Since the constructed group
Scheme plays a role in solving various
problems related to the group, it is
necessary to analyze the coherence of the
group Scheme constructed by students.
This study aims to analyze the coherence
of the group Scheme constructed by
students with high initial ability based on
the cognitive style. According to Witkin
(1977), FD students can be guided in
handling problem solving such as
constructing proof so that they can
perform as well as Fl students. Therefore,
the results of this analysis can be used to
design group learning materials so that
each student can construct the expected
group Scheme.

METHODOLOGY

This study was designed as a qualitative
study. The findings of the group Schemes
constructed by students were
qualitatively revealed based on their
cognitive styles. Research subjects were
determined by purposive sampling
technique and subject selection using the
GEFT instrument (score 0-18) developed
by Witkin and the test of students' initial
ability to construct proofs (score 0-100)
developed by the researcher. Students’
cognitive styles in this study were
classified into 3 categories, namely FI
(score 15-18), FN/ field-neutral (score g9-
14), and FD(score 0-8).

The research subjects
were 3 students, namely students with the
high initial abilities and FI, FN, or FD
cognitive style. The data source is
students at a university who were taking
courses that contain group material. The
research variable is the ability to construct
proofs. The instruments used were: (1)
Group Embedded Figure Test (GEFT), (2)
Initial ability test of constructing proof, (3)
test of constructing proof on group
material, (4) interview guidelines.

[
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). Data
collection techniques using test and in-
depth interviews. The credibility of the
research data was carried out using
triangulation techniques. Data analysis
while in the field used Miles and
Huberman's  model, namely data
reduction, data display, and conclusion
drawing/verification.

RESULT AND DISCUSSION

Result

At the beginning of the lecture, which
contained group material, the topics of
sets, mapping, and binary operations
were presented. An overview of students'
initial ability in constructing proof was
obtained through an essay test of binary
operation which consisted of 4 problems.
Furthermore, the GEFT was carried out to
determine the cognitive style of students.
The research subjects were 3 students
with the high initial abilities and cognitive
styles of FI, FN, and FD.

The learning was carried out based
on the APOS theory with the stages of
Activities, Classroom Discussions, and
Exercises. Inthe Activities stage, students
work in groups working on assignments
on the Student Task Sheet (LTM) with the
aim that students construct mental
structures of Processes and Objects. At
the Classroom Discussion stage, the
lecturer allowed students to reflect on
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their work during the Activities stage. In
this activity, the lecturer may provide
definitions, explanations, and present an
overview to unify what students have
thought and done during the Activities
stage. At the Exercises stage, students
work in groups working on exercise
questions which consist of standard
questions  designed to strengthen
activities in the Activities and Classroom
Discussion stages. Through activities at
the Classroom Discussion and Exercises
stage, it is hoped that students can
construct mental structures of Objects
and Schemes. At the end of the lesson,
students do the essay test on the ability to
construct proofs. The test consists of 3
questions to measure the predetermined
indicators, namely students can (1) give an
example of a group and provide proof; (2)
apply various group properties to solve
related problems; and (3) examine the
various properties of the group.

The following presents question
number 1 and the results of the analysis of
the schemes constructed by the FI, FN,
and FD subjects. Problem 1 was intended
to reveal whether the subjects have
thematized the group Scheme.

Problem 1

a. Write a group definition.

b. Give an example of a group and prove
it.

Figure 1 is the work of Problem 1 of the FI
Subject.

FI  Subject can write group
definition  correctly. Symbols and
notations are presented appropriately
and mathematical language is used
correctly, but associative properties are
only expressed in the mathematical
language without using symbols.

The FI Subject can properly
exemplify the group i.e <Z,+>. The FI
Subject shows the applicability of the
associative property of addition to the set
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of integers using symbols and
mathematical language correctly. Group
axioms have been thematized by the FI
Subject which are demonstrated in
examining the associative property, the
existence of the identity element, and the
inverse element. The FI Subject has
constructed a mental structure Schema
for the definition of a group, axioms
fulfilling associative properties, the
existence of identity elements, and the
existence of inverse elements. This is
shown by the ability of the FI Subject to
proving the validity of the associative law,
the existence of the identity element, and
the existence of the element inverse with
valid steps.

The FI Subject has constructed the
mental structure of Object for the
addition of binary operation on the set of
integers with the indicator being able to
check the addition of binary operations
satisfies associative properties, the
existence of identity element, and the
existence of element inverse. In this
section, Fl Subject correctly states
associative property and identity element
with symbols and language. In contrast, Fl
Subject states the definition of a group in
mathematics language correctly for
associative axiom and uses symbols for
the existence of identity element and the
existence of an inverse element.

Based on the description above,
the coordination between the set of
integers, binary operation of addition, and
group axioms has been carried out by the
FI Subject properly and correctly. The Fl
Subject can give an example and prove an
example is a group. The ability of the FI
Subject to determine that the set of
integers under addition is a group
indicates that the group Scheme has been
thematized.

Figure 2 is the work of Problem 1 of
the FN Subject.
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Based on Figure 2, the FN Subject
can write the group definition with
symbols and mathematical language
appropriately. The FN Subject can
properly exemplify the group, namely
< Z,+>, without describing the symbol.
The FN Subject shows the associative law
of addition on the set of integers using the
associative property argument to be
proved. The FN Subject can show the
existence of the identity element and the
existence of the inverse element for the
addition of the set of integers
accompanied by the correct use of
symbols.

Based on the results of the work in
Figure 2, the FN Subject can write a group
definition with the correct language and
symbols. This shows the FN Subject
constructs a mental structure Schema for
group axioms. Since the FN Subject shows
associative law using the properties to be
shown, it is said that the FN Subject
constructs the mental structure of Process
for associative axiom. Furthermore, the
FN Subject succeeded in showing the
axiom of the existence of the identity
element and the existence of the inverse
element with the correct steps. The FN
Subject is said to have constructed a
mental structure Schema for the axioms
of the existence of an identity element
and an inverse element. The FN Subject
uses language and symbols correctly.
Therefore, the FN Subject is said to
construct the mental structure of Process
for language and symbols.

The membership of the integer set
can be recognized well by the FN Subject
with an indicator that can identify the
identity element and the inverse element
for the addition of the set of integers. This
shows that the FN Subject has
constructed a mental structure for Action
for the set of integers.

The FN Subject can examine the
addition  satisfying  properties  of



associative, identity element, and inverse
element. In this section, the FN Subject
states properties of associative, identity
element, and inverse element with the
correct symbols and language. This shows
that the FN Subject has constructed the
mental structure of Object for addition on
the set of integers associated with
properties of associative, identity
element, and inverse element.

Based on the description above,
the coordination between the Processes
of the set of integer numbers, the binary
operation of addition, and group axioms
has been carried out by the FN Subject
properly. The FN Subject can give an
example and prove the example is a
group. The ability of the FN Subject in
determining that a set of integers under
the addition is a group indicates that the
group Scheme has been thematized.
Figure 3 is the work of Problem 1 of the FD
Subject.

The FD Subject can state the

group definition wusing the correct
language but not accompanied by using
symbols.
Based on the results of the work in Figure
3 and the interview, the FD Subject wrote
the group definition using the correct
language. The meaning of the axioms
stated in the group definition has not been
explained. It can be said that the FD
subject constructs the mental structure of
the Process for the group definition.

The FD Subject can exemplify the
group correctly, using the symbol
< Z, +> but not mentioning the meaning
of the Z symbol.

The FD subject succeeded in showing the
associative law of addition on Z and
concluded with symbols and
mathematical language correctly.

Furthermore, the FD Subject concluded
the existence of identity element for the
addition on Z with symbols. This
complements the existence of an identity
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element in the definition expressed in
language.

The FD Subject showed that each element
in Z has an inverse for the addition on Z.
The FD Subject concluded with symbols.
It also complements the existence of an
inverse element in the language-
represented definition.

Since the FD Subject can show the axioms
of associative, the existence of identity
element, and the existence of an inverse
element, it is said that the FD Subject has
constructed a mental structure of Schema
for the axioms of associative, the
existence of identity element, and the
existence of an inverse element.

The membership of the set of
integers can be recognized well by the FD
Subject which is characterized by being
able to identify the identity element and
the inverse element for the addition on
the set of integers. This shows that the FD
Subject has constructed a mental
structure of Action of the set of integers.

The FD Subject has constructed

the mental structure of Object for the
addition on the set of integers with the
indicator being able to check the addition
satisfies the properties of associative,
identity element, and inverse element. In
this section, the FD Subject states the
associative law with symbols and
language but other axioms only use
symbols. In contrast, the FD Subject
stated the group definition in the
mathematical language without symbols
correctly. This shows that the FD Subject
can express group axioms using language
and symbols correctly. Thus, it is said that
the FD Subject has constructed the
mental structure of Process for language
and symbols.
Based on the description above, the
coordination between the set of integers,
the binary operation of addition, and
group axioms were carried out by the FD
Subject.

_ JOURHALS
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The Schema of the group has been
thematized which is shown by the ability
to determine the set of integers under
addition is a group.

In Problem 1, the three Subjects
gave the same example for the group,
namely the set of integers under addition
and the three Subjects were able to prove
it. The result of the analysis of the work of
this problem was the three Subjects of Fl,
FN, and FD have thematized the group
Scheme.

Furthermore, the three Subjects'
abilities were analyzed in applying the
group characteristics to solve the
problems at hand. Problem 2 was used to
reveal this ability.

Problem 2

Write the Lagrange's Theorem

Let ¢@:G - G be a group
homomorphism. Show that if |G| is finite
then |@(G)| is finite and divide |G'|!
Figure 4 is the work of Problem 2 of FI
Subject.

The FI Subject can write
Lagrange’s Theorem using language and
symbols correctly.

Based on Figure 4 and the results of the
interview, the FI Subject can write down
Lagrange’s Theorem correctly. The lan-
guage and symbols are  used
appropriately.

Based on Figure 4, the FI Subject can
apply properties of finite groups, the map
of a finite group, and Lagrange’s
Theorem. The proof begins by showing
that if ¢:G — G’ is a homomorphism
and K is a subgroup of G, then ¢(K) is a
subgroup of G'. The proving step is carried
out following the statement that must be
proven, namely showing ¢(K) is a non-
empty subset of G'and for every x,y €
@ (K) satisfiesxy~ € @(K). Then, the
Subject applies the finite group property
of G’ to apply Lagrange’s Theorem at the
end of the proof. The results of the

_ JOURHALS

interview showed that the FI Subject
could prove Problem 2 correctly.

Based on Figure 4 and the results of the
interview, the Fl Subject can apply the
properties of the group in proving Prob-
lem 2.

Figure 5isthe work of Problem 2 of the FN
Subject.

Based on Figure 5, the FN Subject can
write Lagrange’s Theorem correctly. In
the proof, the FN Subject has not written
what is completely known. In the step of
the proof, the FN Subject does not show a
statement that if ¢:G - G' is a
homomorphism and K is a subgroup of G
then @(K) is a subgroup of G’ but directly
uses this result. At the time of the
interview, the FN Subject could indicate
that @(K) is a subgroup of G’ .
Furthermore, using the property of G’ to
be a finite group, the FN Subject applies
Lagrange’s Theorem to end the proof.
Based on Figure 5 and the results of the
interview, the FN Subject can apply the
properties of groups to prove Problem 2.
Figure 6 is the work of Problem 2 of the FD
Subject.

Based on Figure 6, the FD Subject is not
quite right in writing Lagrange’s Theorem.
The statement in the form of implication
has not been stated correctly. The FD
Subject can write a statement that must
be proven. The initial step of the proof
taken by the FD Subject was to show
¢@(G) is a subgroup of G in the domain
of ¢ . The FD Subject proved this
statement by arguing that from the
definition of ¢(G), it was clear that ¢ (G)
was a subgroup. This indicates that the FD
Subject does not understand the proof of
this statement. Furthermore, the FD
Subject has not wused finite group
properties to apply Lagrange’s Theorem.



Based on Figure 6 and the results
of the interview, the FD Subject did not
understand the statement that had to be
proven and was unable to apply the
properties of the group to solve Problem
2.

Furthermore, the three Subjects’
abilities were analyzed in proving group
properties. Problem 3 is used to reveal this
ability.

Problem 3

Write down the definition of a cyclic
group.

Prove that if G is a cyclic group generated
by a and N is a normal subgroup of G,
then G/N is a cyclic group generated by
Na.

Figure 7is the work of Problem 3 of
the FI Subject.

Based on Figure 7, the FI Subject
can write the definition of cyclic group
correctly. The FI Subject can show the
G/N is a factor group to be cyclic in the
correct steps. Based on Figure 7 and the
results of the interview, the Fl Subject can
apply the property of the cyclic group G in
the proof and the FI Subject can examine
the property of the group.

Figure 8is the work of Problem 3 of
the FN Subject.

Based on Figure 8, the FN Subject can
write down the definition of a cyclic group
correctly. The FN Subject can prove Prob-
lem 3 correctly, although there are still
some steps that have not been explained
with the argument, namely Na™ =
(Na)™. At the time of the interview, the
FN Subject was able to explain this
argument.

Based on Figure 8 and the results
of the interview, it was obtained that the
FN Subject could apply the properties of
the cyclic group G in the proof and the FN
Subject could examine the properties of
the cyclic group of the G /N factor group.
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Figure gis the work of Problem 3 of
the FD Subject.

Based on Figure g, the FD Subject can
write down the definition of a cyclic group
correctly. The FD Subject has not been
able to apply the properties of the cyclic
group G to examine the cyclic properties
of the G /N factor group. In the interview,
the FD Subject did not understand the
elements of the factor group and the
cyclic properties correctly.

Based on Figure g and the results
of the interview, the FD Subject has not
been able to apply the properties of the
cyclic group G in proof and the FD Subject
has not been able to examine the cyclic
properties of the G /N factor group.

Discussion

Commented [ASH3]: Baik sekali. Pertanyaan saya tentang
hubungan antara initial high dan skema dan cognitive style sudah
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Based on the results of the analysis
on the work of Problem 1, 2, and 3, the
three FI, FN, and FD Subjects can provide
examples of groups and are equipped with
the proof correctly. The FI Subject can
apply group properties in proving and can
examine group properties. Likewise, with

the FN Subject, but the presentation of
proof of the FN Subject still requires
further explanation. The FD Subject has
not been able to apply group properties in
proving and also cannot examine group
properties. The following is a discussion of
group Schemes for each subject.

The FI Subject’s group Schemes

The FI Subject can define sets and binary
operations  constitute groups, can
instantiate and show that a set together
with a binary operation is a group. The Fl
Subject can check all the properties of a
binary operation. All group axioms are
correctly understood. The group Scheme
is thematized and coherent. The FI
Subject can check the properties of the
group and can apply the properties of the
group when solving the problems faced so
that it is said that the FI Subject group
Scheme is coherent.

The FI Subject is a subject with a
field-independent cognitive style and the
high initial ability to prove. Witkin et al
(Oh & Lim, 2005) stated that several
characteristics of Fl students are well-
organized and structured in their learning.
These characteristics support students to
study group material. In the interview, it
was revealed that the Fl Subject had no
difficulty in carrying out proving steps
including the use of language and
mathematical symbols. The FI Subject
realizes that logic, set, and mapping are
very important and exercises help to solve
proving problems. This  ability
accompanies the characteristics of the Fl
Subject so that he succeeded in carrying
out proving activities. The expression of
the Fl Subject is in line with Weber (2004:
p.128) that students must have a basic
understanding of logic to attend
advanced mathematics courses. In
accordance with the results of this



interview, Blanton & Stylianou (2014)
stated that students struggle with what
supports proof.

The FN Subject’s group Scheme
The FN Subject can define a set together
with a binary operation is a group and the
FN Subject can exemplify and show that a
set that is equipped with a binary
operation is a group. The FN Subject has
already thematized the group Scheme.
The FN Subject can examine the
properties of the group and can apply the
properties of the group when solving the
problems faced so that it is said that the
FN Subject group Scheme is coherent.
The FN Subject is a subject with a
field-neutral cognitive style and the high
initial ability to prove. The FN Subject can
write the definition and use language and
symbols appropriately. Learning how to
use symbols correctly is a significant
challenge for most students (Durand-
Guerrier, et al, 2012). Basic symbolic skills
must be mastered by students and
sufficient experience to work with
concepts at the symbolic level (Weber,
2004). According to Miyakawa (2017),
mathematical symbols help readers to
quickly grasp ideas in the proof. Proof and
language are closely related, especially in
mathematics (Balacheff, 2008). Language
can contribute significantly ~ to
understanding mathematical reasoning
and proving practice (Williams-Pierce, et
al, 2017).

The FD Subject’s group Scheme

The FD Subject can define a set and a
binary operation is a group and can
exemplify and show a set together with a
binary operation as a group. The FD
Subject can examine all the properties of
the binary operation and group axioms
correctly. Based on this fact, the FD
Subject is said to have thematized the
group Scheme. This thematized group
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scheme has not been followed by the
ability of the FD Subject to check group
properties and apply group properties to
solve problems. The FD subject still has
difficulty in proving it. This shows that the
FD Subject group scheme is not coherent
yet.

The FD Subject is a subject with a
field-dependent cognitive style and the
high initial ability to prove. The
characteristics of students with a field-
dependent cognitive style require more
explicit instruction in problem-solving
strategies  (Witkin, et al. 1977).
Constructing proof can be viewed as an
advanced problem-solving task
(Mamona-Downs & Downs, 2005; Cai,
Mamona-Downs, & Weber, 2005; Selden
& Selden, 2003). The FD Subject can write
the definition of group correctly. To
construct proofs requires the ability to
dismantle and logically manipulate
definitions  (Weber, 2004). When
constructing proof, one can start with
definitions, known assumptions, and use
logical inference including applying
theorems (Mejia-Ramos, et al, 2015).
Edward & Ward (2004) states that
students know well the content of the
definitions they use, but this is not
enough. Students also need to
understand the role and use of definitions
in mathematics. Difficulties arise from
students’ understanding of the properties
of mathematical definitions, not only
from the content of definitions. Students
experience difficulty when trying to write
mathematical proofs in an introduction to
abstract algebra, real analysis, or number
theory. This difficulty was experienced by
the FD Subject. The FD Subject's
understanding of the prerequisite
material for constructing proof is in the
high category, but the understanding of
the prerequisite material, namely logic,
the set, and the necessary mapping, may
not be sufficient. This understanding still

_ JOURHALS
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has to be followed, one of which is the use
of adequate mathematical language
(Koichu & Leron, 2015). The FD Subject
has not been able to use language and
symbols correctly. Canadas, et al (2018)
state that students may have difficulty
giving meaning to algebraic symbolism.
Difficulties in the use of language and
symbols are one of the triggers for the
group Scheme thematized by the FD
Subject which is not coherent yet. In line
with Stylianou, et al (2015) the FD Subject
still has difficulty in proving. One possible
note is that students may not have a
sufficient  understanding of  what
constitutes/supports the proof (Inglis &
Alcock, 2012). There are circumstances in
which students are expected to state what
the definition stipulates before applying
theorems to draw conclusions (Dimmel,
2018).

At the Activities stage of learning,
the FD Subject stated that the FD Subject
always did the LTM well because it was
very helpful. At the Classroom Discussion
stage, the FD Subject could understand
the explanation at the beginning, but at
end the concentration had decreased. To
overcome the understanding of the
material at the end, the FD Subject asked
a friend. At the Exercise stage in learning,
the FD Subject in the interview revealed
difficulties in working on exercises. Scusa
(2008)  states that mathematical
reasoning is a complex skill so it requires a
lot of practice. According to Musser
(1998), the characteristics of the FD
students must use repetitive learning
strategies or exercises. The time
dedicated by the FD Subject to do
exercises in one week of fewer than 3
hours is not sufficient.

CLOSING

Conclusion

_ JOURHALS

The coherence of the group Scheme
constructed by students with the high
initial ability and the cognitive style of Fl,
FN, FD to construct proofs as follows. The
FI Subject has already thematized the
group Scheme, can check group
properties, and can apply group
properties. The group Scheme of the FI
Subject is coherent. The FN Subject has
already thematized the Group Scheme,
can check group properties, and can apply
group properties. The FN Subject group
Scheme is coherent. The FD Subject has
already thematized the group Scheme,
but cannot check the group properties
yet, and cannot apply the group
properties yet. The FD Subject group
Scheme is not yet coherent.

Suggestion

The coherence of the Schema
determines the individual's ability to use
the Schema in certain mathematical
situations. The coherence of group
Scheme plays a role in solving various
problems related to the group.

According to Witkin, students with
FD cognitive style can be guided in
handling problem solving such as
constructing proof so that they can
perform as well as Fl students. Therefore,
the results of this study can be used to
design group learning materials so that
each student can construct a coherent
group Scheme.

For a coherent group Scheme to
be achieved, one alternative to group
material learning that can be done is to
reinforce the method of proof, logic, set,
and mapping. This strengthening can be
carried out at several initial meetings
integrated with introductory material.
The reinforcement model in the effective
method of proof, logic, set, and mapping
can be studied further.

Besides that, it also provides



assignments that support students in
constructing the schemes that are given
before lectures on related material. The
FD students are given more assignments
with guiding questions. Further research
is needed to determine the form of tasks
that encourage the formation of a
coherent Scheme.
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Abstract

Teaching and learning deductive proof is one of the most important goals in mathematics
education. According to the APOS theory, learning a concept is facilitated when students
have constructed an adequate APOS mental structure for the concep. There are character-
istics differences between field-dependent and field-independent students in responding
to tasks to construct proofs. The purpose of this study was to analyze the coherence of the
group scheme constructed by students with the high initial ability based on cognitive style
to construct proofs. This study was a qualitative. The research subjects were determined
by the purposive sampling. Data collection using test and in-depth interviews. The credi-
bility of data was carried out using triangulation. Data analysis used Miles and Huberman's
model. The results showed that the Fl and FN Subjects had thematized the group scheme
and were coherent, while the FD Subject had thematized the group scheme but was not
coherent.

Abstrak
Pengajaran dan pembelajaran bukti deduktif dalam matematika merupakan salah satu
tujuan terpenting dalam pendidikan matematika. Menurut teori APOS (Aksi, Proses, Objek,
Skema), belajar suatu konsep terfasilitasi apabila siswa telah mengkonstruksi struktur mental
APOS yang memadai untuk konsep tersebut. Ditinjau dari gaya kognitifnya, ada perbedaan
karakteristik antara mahasiswa field-dependent dan field-independent dalam merespon tu-
gas yang memerlukan kemampuan mengkonstruksi bukti. Tujuan penelitian ini adalah
menganalisis koherensi Skema grup yang dikonstruksi mahasiswa dengan kemampuan awal
mengkonstruksi bukti adalah tinggi dan gaya kognitif Fl, FN, FD. Penelitian ini dirancang se-
bagai penelitian kualitatif. Subjek penelitian ditentukan dengan teknik purposive sampling.
Teknik pengumpulan data menggunakan teknik tes dan wawancara mendalam. Derajat ke-
percayaan data dilakukan dengan teknik pemeriksaan triangulasi. Analisis data selama di
lapangan mengggunakan model Miles dan Huberman. Hasil penelitian menunjukkan Subjek
Fl dan FN sudah mentematisasi Skema grup dan sudah koheren, sedangkan Subjek FD sudah
mentematisasi Skema grup namun belum koheren.

Keywords: APOS; cognitive style; proof; initial ability.

INTRODUCTION goals in mathematics education (Miya-

zaki, et al., 2017; Anton & Rorres, 2015,
Teaching and learning deductive proof in Solow, 2014; David, Yopp, & Rob, 2015;
mathematics is one of the most important Sarah, Bleiler, & Jeffrey, 2017; Mills, 2014).
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Group theory is an abstract topic involving
formal definitions, theorems, and proofs.
Theorems are deduced from axioms. As
an abstract subject, group theory is open
to misconceptions at the more general
levels of proof and logical reasoning (Al-
cock, et al., 2015). The characteristic of
group theory emphasizes on the abstract
thinking aspect (Putra & Kristanto, 2017).
According to Wasserman (2017), the ab-
stractness of group theory is useful for
teachers because it helps them under-
stand and interpret the mathematics they
are going to teach. Therefore, prospective
teachers need to learn this material be-
cause it can help later as a teacher to con-
nect advanced mathematics with school
mathematics in terms of strengthening
and deepening their understanding of the
mathematics they will teach. In group
theory lectures, knowledge of the stu-
dent’s concept of group should include
understanding various mathematical
properties and constructing examples.
(Dubinsky et al, 1994).

APOS theory is a constructivist the-
ory of how learning mathematical con-
cepts occurs. The hypothesis on learning
according to the APOS Theory is facili-
tated learning if individuals have ade-
quate mental structures for certain math-
ematical concepts. If there is no adequate
mental structure then learning concepts is
almost impossible. (Arnon, 2014). In the
APOS Theory, there are four mental struc-
tures, namely Action, Process, Object and
Scheme.

According to Piaget and adopted by
APOS Theory (Arnon, et al, 2014), a con-
cept is understood first of all as Action.
The interiorized Action is a Process. Du-
binsky, et al (2005) states that if a person
becomes aware of the Process as a total-
ity, realizes that transformation can acton
that totality, and can construct the trans-
formation (explicitly or in someone's im-
age), then it is said that the individual has

Kreano, 12(1) (2021): 130-149 | 131

encapsulated the Process into the cogni-
tive Object. A Schema is defined in APOS
Theory as an individual’s collection of
mental structures Actions, Processes, Ob-
jects, and others Schema linked con-
sciously or unconsciously in a coherent
framework in the individual’s mind (Ar-
non, et al., 2014). The coherence of the
Schema is determined by the individual's
ability to determine whether it can be
used in a particular mathematical situa-
tion. The indicators of the coherent group
Scheme constructed by students used in
this study are (1) able to provide group ex-
ample and its proof; (2) able to apply a va-
riety of group properties to solve related
problems; and (3) able to examine the var-
ious properties of the group.

The way that is done consistently in
capturing, understanding, and processing
new information, and solving problems is
called cognitive style (Witkin & Goode-
nough as quoted by Cataloglu & Ates,
2014; Altun & Cakan, 2006). There are var-
ious cognitive styles, one of which is field-
dependent/ independent. The character-
istics of field-independent (FI) students
are choosing the deductive method and
excel in problem-solving tasks. In con-
trast, the characteristics of field-depend-
ent (FD) students are that they prefer in-
ductive methods and excel in the
knowledge domain that focuses on social
problems (Dowlatabadi & Mehraganfar,
2014; Ates & Cataloglu, 2007). The char-
acteristics of the cognitive style of FD that
prefer inductive methods are not in line
with the characteristics of the group ma-
terial, namely axiomatic deductive. The
differences in characteristics between FD
and Fl students in responding to tasks that
require the ability to construct proofs will
have an impact on the differences in
group Scheme constructed by students.

Mathematical material is system-
atic, the concepts to be studied have pre-
requisites that must be mastered by
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students. Students will connect the new
knowledge they have acquired with the
initial knowledge they have (Ruseffendi,
2006; Wahyudin 2012). Thisis in line with
Soehakso in Hanifah & Abadi (2018),
Rubowo (2017), and Dubinsky, et al.
(1994) which states that the student’s
ability in algebra, including groups, is
closely related to the provisions of stu-
dents when studying at a previous level,
especially set and functions. Melhuish, et
al. (2019) argue that binary operations are
one of the fundamental structures under-
lying our algebraic systems that rely on
sets and functions. Cecco (in Jamaan et al.,
2020) states that the initial ability is the
knowledge and skills possessed by students
before they move on to the next level. Initial
ability in this study is the ability to construct
proof on binary operations. Based on the
academic guidelines at the university
where this research took place, students
with a score of 81 received an AB grade.
Students with a minimum score of 81 are
categorized as high. Students with high
initial abilities should be able to construct
a coherent group Scheme. However, stu-
dents with high initial ability may have a
cognitive style of FD who prefers an in-
ductive method that is not in line with the
characteristics of the group material.
Therefore, it is necessary to do an analysis
regarding the coherence of the group
Scheme of students with high initial abili-
ties. In order to students to achieve the
mental structure of the group scheme, it is
needed to pay attention to their initial
ability to construct proof.

Various studies on the proof for
group theory have been carried out.
Thompson, et al,, (2012); Stylianou &
Blanton, (2011) conducted research on the
importance of writing proof, while Moore
(1994), Samkoff, et al. (2012) conducted
research on students' difficulties in prov-
ing. The leveling on proof carried out by
Sowder & Harel (1998), Weber (2004), and

Isnarto (2014). However, research has not
found the coherence of group schemes
associated with cognitive style and stu-
dents' initial ability to construct proof.

In a preliminary study of the FI/FD
students difficulties in proving on group
theory conducted by Wijayanti (2016),
prospective teachers experience difficul-
ties which indicate that students have not
constructed adequate mental structures
for the group concept. This condition has
not fulfilled the hypothesis on learning so
that learning has not been facilitated. Ac-
cording to the APOS theory, it is almost
impossible for these students to learn the
concepts of group. Some of the difficulties
experienced by students include identify-
ing elements in the set, misconceptions
related to the use of mathematical nota-
tion, identifying known statements, and
using definitions to prove. According to
Dubinsky, et al (1994) students’ concep-
tions of sets and functions play important
role in learning the group concepts. The
difficulty of students in identifying the el-
ements in the set shows that there are
problems related to their initial ability.
Barriers to this initial ability have an im-
pact on the formation of student’s group
Schemes. Brijlall & Bansilal (2010) argue
that interiorization is characterized by the
ability to apply symbols, language, im-
ages, and mental images to construct in-
ternal processes as a way of understand-
ing perceived phenomena. David, et al
(2016) stated that general representa-
tions such as mathematical symbols or
quantified variables are often used in for-
mal proof. This shows that the difficulty
of using mathematical notation will have
an impact on the ability to prove, includ-
ing examining various properties of
groups and applying them in solving re-
lated problems. In line with this, the diffi-
culty of using mathematical notation indi-
cates that students have not yet con-
structed a mental structure of Process,



which means that the group Scheme has
not been formed.

Furthermore, there is an effect of
students’ initial ability on students' ability
in constructing proofs in a class using
APOS-based learning (Wijayanti, et al.,
2018). Students with low initial ability had
not yet constructed the group Scheme,
while students with high initial ability dis-
played the constructed group Scheme
(Wijayanti, et al., 2019).

Since the constructed group
Scheme plays a role in solving various
problems related to the group, it is neces-
sary to analyze the coherence of the
group Scheme constructed by students.
This study aims to analyze the coherence
of the group Scheme constructed by stu-
dents with high initial ability based on the
cognitive style. According to Witkin
(1977), FD students can be guided in han-
dling problem solving such as construct-
ing proof so that they can perform as well
as Fl students. Therefore, the results of
this analysis can be used to design group
learning materials so that each student
can construct the expected group
Scheme.

METHODOLOGY

This study was designed as a qualitative
study. The findings of the group Schemes
constructed by students were qualita-
tively revealed based on their cognitive
styles. Research subjects were deter-
mined by purposive sampling technique
and subject selection using the GEFT in-
strument (score 0-18) developed by
Witkin and the test of students' initial abil-
ity to construct proofs (score 0-100) devel-
oped by the researcher. Students’ cogni-
tive styles in this study were classified into
3 categories, namely FI (score 15-18), FN/
field-neutral (score 9-14), and FD(score o-
8). Based on the Academic Guidelines at a
university, student who gets a score of 81
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received an AB grade. In this study, stu-
dent was classified into the high initial
abilities if the student get a score at mini-
mum of 81 on the test of students' initial
ability to construct proofs. The research
subjects were 3 students, namely students
with the high initial abilities and FI, FN, or
FD cognitive style. The data source is stu-
dents at a university who were taking
courses that contain group material. The
research variable is the ability to construct
proofs. The instruments used were: (1)
Group Embedded Figure Test (GEFT), (2)
Initial ability test of constructing proof, (3)
test of constructing proof on group mate-
rial, (4) interview guidelines. The instru-
ment of students’ initial ability test was an
essay test about binary operations, con-
sisted of 4 item, was empirically tested
with the result 4 item were valid, the test
reliability was high (the reliability coeffi-
cient was 0,8018), the difficulty index was
medium (2 item) and high (2 item), the
discriminant index was good (3 item) and
very good (1 item). While the instrument
of the test of constructing proof on group
material was an essay test, consisted of 3
item, was empirically tested with the re-
sult 3 item were valid, the test reliability
was medium (the reliability coefficient
was 0,5819), the difficulty index was low (1
item) and medium (2 item), the discrimi-
nantindex was good (2 item), fair (1 item),
and poor (1 item). Data collection tech-
niques using test and in-depth interviews.
The credibility of the research data was
carried out using triangulation tech-
niques. Data analysis while in the field
used Miles and Huberman's model,
namely data reduction, data display, and
conclusion drawing/verification.

The limitation of this study was the
number of the high initial ability subjects
was 5 of 36 consists of 2 Fl, 2 FN, and 1 FD.
This condition causes researchers to be
unable to choose subjects who can pro-
vide complete information. However, the
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results of this study can provide an over-
view of the mental structures constructed
by the subject.

RESULT AND DISCUSSION
Result

At the beginning of the lecture, which
contained group material, the topics of
sets, mapping, and binary operations
were presented. An overview of students'
initial ability in constructing proof was ob-
tained through an essay test of binary op-
eration which consisted of 4 problems.
Furthermore, the GEFT was carried out to
determine the cognitive style of students.
The research subjects were 3 students
with the high initial abilities and cognitive
styles of FI, FN, and FD.

The learning was carried out based
on the APOS theory with the stages of Ac-
tivities, Classroom Discussions, and Exer-
cises. In the Activities stage, students
work in groups working on assignments
on the Student Task Sheet (LTM) with the
aim that students construct mental struc-
tures of Processes and Objects. At the
Classroom Discussion stage, the lecturer
allowed students to reflect on their work
during the Activities stage. In this activity,
the lecturer may provide definitions, ex-
planations, and present an overview to
unify what students have thought and
done during the Activities stage. At the
Exercises stage, students work in groups
working on exercise questions which con-
sist of standard questions designed to
strengthen activities in the Activities and
Classroom Discussion stages. Through ac-
tivities at the Classroom Discussion and
Exercises stage, it is hoped that students
can construct mental structures of Ob-
jects and Schemes. At the end of the les-
son, students do the essay test on the abil-
ity to construct proofs. The test consists of
3 questions to measure the predeter-
mined indicators, namely students can (1)

give an example of a group and provide
proof; (2) apply various group properties
to solve related problems; and (3) exam-
ine the various properties of the group.

The following presents question
number 1 and the results of the analysis of
the schemes constructed by the FI, FN,
and FD subjects. Problem 1 was intended
to reveal whether the subjects have the-
matized the group Scheme.

Problem 1
a. Write a group definition.
b. Give an example of a group and prove it.

The work of Problem 1 of the FI Sub-
ject canbe seen on Figure 1 (See Appendix
A of this article). FI Subject can write group
definition correctly. Symbols and nota-
tions are presented appropriately and ma-
thematical language is used correctly, but
associative properties are only expressed
in the mathematical language without us-
ing symbols.

The FI Subject can properly exem-
plify the group i.e < Z, +>. The Fl Subject
shows the applicability of the associative
property of addition to the set of integers
using symbols and mathematical lan-
guage correctly. Group axioms have been
thematized by the FI Subject which are
demonstrated in examining the associa-
tive property, the existence of the identity
element, and the inverse element. The FI
Subject has constructed a mental struc-
ture Schema for the definition of a group,
axioms fulfilling associative properties,
the existence of identity elements, and
the existence of inverse elements. This is
shown by the ability of the FI Subject to
proving the validity of the associative law,
the existence of the identity element, and
the existence of the element inverse with
valid steps.

The FI Subject has constructed the
mental structure of Object for the addi-
tion of binary operation on the set of inte-
gers with the indicator being able to check



the addition of binary operations satisfies
associative properties, the existence of
identity element, and the existence of el-
ement inverse. In this section, FI Subject
correctly states associative property and
identity element with symbols and lan-
guage. In contrast, FI Subject states the
definition of a group in mathematics lan-
guage correctly for associative axiom and
uses symbols for the existence of identity
element and the existence of an inverse
element.

Based on the description above, the
coordination between the set of integers,
binary operation of addition, and group
axioms has been carried out by the FI Sub-
ject properly and correctly. The FI Subject
can give an example and prove an exam-
ple is a group. The ability of the Fl Subject
to determine that the set of integers un-
der addition is a group indicates that the
group Scheme has been thematized.

The work of Problem 1 of the FN
Subject can be seen on Figure 2 (See Ap-
pendix A of this article). Based on Figure 2,
the FN Subject can write the group defini-
tion with symbols and mathematical lan-
guage appropriately. The FN Subject can
properly exemplify the group, namely
< Z,+>, without describing the symbol.
The FN Subject shows the associative law
of addition on the set of integers using the
associative property argument to be
proved. The FN Subject can show the ex-
istence of the identity element and the ex-
istence of the inverse element for the ad-
dition of the set of integers accompanied
by the correct use of symbols.

Based on the results of the work in
Figure 2, the FN Subject can write a group
definition with the correct language and
symbols. This shows the FN Subject con-
structs a mental structure Schema for
group axioms. Since the FN Subject shows
associative law using the properties to be
shown, it is said that the FN Subject con-
structs the mental structure of Process for

Kreano, 12(1) (2021): 130-149 | 135

associative axiom. Furthermore, the FN
Subject succeeded in showing the axiom
of the existence of the identity element
and the existence of the inverse element
with the correct steps. The FN Subject is
said to have constructed a mental struc-
ture Schema for the axioms of the exist-
ence of anidentity element and aninverse
element. The FN Subject uses language
and symbols correctly. Therefore, the FN
Subject is said to construct the mental
structure of Process for language and
symbols.

The membership of the integer set
can be recognized well by the FN Subject
with an indicator that can identify the
identity element and the inverse element
for the addition of the set of integers. This
shows that the FN Subject has con-
structed a mental structure for Action for
the set of integers. The FN Subject can ex-
amine the addition satisfying properties
of associative, identity element, and in-
verse element. In this section, the FN Sub-
ject states properties of associative, iden-
tity element, and inverse element with
the correct symbols and language. This
shows that the FN Subject has con-
structed the mental structure of Object
for addition on the set of integers associ-
ated with properties of associative, iden-
tity element, and inverse element.

Based on the description above, the
coordination between the Processes of
the set of integer numbers, the binary op-
eration of addition, and group axioms has
been carried out by the FN Subject pro-
perly. The FN Subject can give an example
and prove the example is a group. The
ability of the FN Subject in determining
that a set of integers under the addition is
a group indicates that the group Scheme
has been thematized.

The work of Problem 1 of the FD
Subject on Figure 3 (See Appendix A of
this article). The FD Subject can state the
group definition using the correct langu-

JOURNALS |




136 ‘ Wijayanti, K and Mulyono. The Coherence of Group Scheme of the High Initial Ability ...

age but not accompanied by using sym-
bols. Based on the results of the work in
Figure 3 and the interview, the FD Subject
wrote the group definition using the cor-
rect language. The meaning of the axioms
stated in the group definition has not
been explained. It can be said that the FD
subject constructs the mental structure of
the Process for the group definition.

The FD Subject can exemplify the
group correctly, using the symbol:

<Z+>

but not mentioning the meaning of the Z
symbol.

The FD subject succeeded in show-
ing the associative law of addition on Z
and concluded with symbols and mathe-
matical language correctly. Furthermore,
the FD Subject concluded the existence of
identity element for the addition on Z
with symbols. This complements the ex-
istence of an identity element in the defi-
nition expressed in language.

The FD Subject showed that each el-
ement in Z has an inverse for the addition
on Z. The FD Subject concluded with sym-
bols. It also complements the existence of
an inverse element in the language-repre-
sented definition. Since the FD Subject
can show the axioms of associative, the
existence of identity element, and the ex-
istence of an inverse element, it is said
that the FD Subject has constructed a
mental structure of Schema for the axi-
oms of associative, the existence of iden-
tity element, and the existence of an in-
verse element.

The membership of the set of inte-
gers can be recognized well by the FD
Subject which is characterized by being
able to identify the identity element and
the inverse element for the addition on
the set of integers. This shows that the FD
Subject has constructed a mental struc-
ture of Action of the set of integers.

The FD Subject has constructed the
mental structure of Object for the addi-
tion on the set of integers with the indica-
tor being able to check the addition satis-
fies the properties of associative, identity
element, and inverse element. In this sec-
tion, the FD Subject states the associative
law with symbols and language but other
axioms only use symbols. In contrast, the
FD Subject stated the group definition in
the mathematical language without sym-
bols correctly. This shows that the FD
Subject can express group axioms using
language and symbols correctly. Thus, itis
said that the FD Subject has constructed
the mental structure of Process for lan-
guage and symbols.

Based on the description above, the
coordination between the set of integers,
the binary operation of addition, and
group axioms were carried out by the FD
Subject. The Schema of the group has
been thematized which is shown by the
ability to determine the set of integers un-
der addition is a group.

In Problem 1, the three Subjects
gave the same example for the group,
namely the set of integers under addition
and the three Subjects were able to prove
it. The result of the analysis of the work of
this problem was the three Subjects of Fl,
FN, and FD have thematized the group
Scheme.

Furthermore, the three Subjects'
abilities were analyzed in applying the
group characteristics to solve the pro-
blems at hand. Problem 2 was used to
reveal this ability.

Problem 2

Write the Lagrange's Theorem

Let ¢:G — G'be a group homomorphism. Show
that if |G'| is finite then |¢@(G)| is finite and divide
1G"|!



The work of Problem 2 of FI Subjec
can be seen on Figure 4 (See Appendix A
of this article). The Fl Subject can write La-
grange’s Theorem using language and
symbols correctly. Based on Figure 4 and
the results of the interview, the FI Subject
can write down Lagrange’s Theorem cor-
rectly. The language and symbols are
used appropriately.

Based on Figure 4, the Fl Subject
can apply properties of finite groups, the
map of a finite group, and Lagrange’s The-
orem. The proof begins by showing that if
@:G - G'isahomomorphismand K isa
subgroup of G, then ¢ (K) is a subgroup of
G'. The proving step is carried out follow-
ing the statement that must be proven,
namely showing ¢@(K) is a non-empty
subset of G’ and for every x,y€
@ (K) satisfiesxy~1 € ¢(K). Then, the Fl
Subject applies the finite group property
of G' to apply Lagrange’s Theorem at the
end of the proof. The results of the inter-
view showed that the Fl Subject could
prove Problem 2 correctly. Based on Fig-
ure 4 and the results of the interview, the
FI Subject can apply the properties of the
group in proving Problem 2.

The work of Problem 2 of the FN
Subject can be seen on Figure 5 (See Ap-
pendix A of this article). Based on Figure
5, the FN Subject can write Lagrange’s
Theorem correctly. In the proof, the FN
Subject has not written what is com-
pletely known. Inthe step of the proof, the
FN Subject does not show a statement
that if ¢:G — G’ is a homomorphism
and K is a subgroup of G then ¢(K) is a
subgroup of G’ but directly uses this re-
sult. At the time of the interview, the FN
Subject could indicate that ¢ (K) is a sub-
group of G'. Furthermore, using the prop-
erty of G’ to be a finite group, the FN Sub-
ject applies Lagrange’s Theorem to end
the proof. Based on Figure 5 and the
results of the interview, the FN Subject
can apply the properties of groups to
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prove Problem 2.

The work of Problem 2 of the FD
Subject can be seen on Figure 6 (See Ap-
pendix A of this article). Based on Figure 6,
the FD Subject is not quite right in writing
Lagrange’s Theorem. The statement in
the form of implication has not been
stated correctly. The FD Subject can write
a statement that must be proven. The ini-
tial step of the proof taken by the FD Sub-
ject was to show ¢ (G) is a subgroup of G
in the domain of ¢ . The FD Subject
proved this statement by arguing that
from the definition of ¢(G), it was clear
that ¢ (G) was a subgroup. This indicates
that the FD Subject does not understand
the proof of this statement. Furthermore,
the FD Subject has not used finite group
properties to apply Lagrange’s Theorem.

Based on Figure 6 and the results
of the interview, the FD Subject did not
understand the statement that had to be
proven and was unable to apply the prop-
erties of the group to solve Problem 2.
Furthermore, the three Subjects’ abilities
were analyzed in proving group proper-
ties. Problem 3 is used to reveal this abil-

ity.

Problem 3

Write down the definition of a cyclic group.

Prove that if G is a cyclic group generated by a and
N is a normal subgroup of G, then G /N is a cyclic
group generated by Na.

The work of Problem 3 of the FI Sub-
ject canbe seen on Figure 7 (See Appendix
A of this article). Based on Figure 7, the Fl
Subject can write the definition of cyclic
group correctly. The Fl Subject can show
the G/N is a factor group to be cyclic in
the correct steps. Based on Figure 7 and
the results of the interview, the Fl Subject
can apply the property of the cyclic group
G in the proof and the FI Subject can ex-
amine the property of the group.

The work of Problem 3 of the FN
Subject can be seen on Figure 8 (See




138 ‘ Wijayanti, K and Mulyono. The Coherence of Group Scheme of the High Initial Ability ...

Appendix A of this article). Based on Fig-
ure 8, the FN Subject can write down the
definition of a cyclic group correctly. The
FN Subject can prove Problem 3 correctly,
although there are still some steps that
have not been explained with the argu-
ment, namely Na™ = (Na)™ . At the
time of the interview, the FN Subject was
able to explain this argument.

Based on Figure 8 and the results of
the interview, it was obtained that the FN
Subject could apply the properties of the
cyclic group G in the proof and the FN
Subject could examine the properties of
the cyclic group of the G /N factor group.

The work of Problem 3 of the FD
Subject can be seen on Figure g (See Ap-
pendix A of this article). Based on Figure g,
the FD Subject can write down the defini-
tion of a cyclic group correctly. The FD
Subject has not been able to apply the
properties of the cyclic group G to exam-
ine the cyclic properties of the G /N factor
group. In the interview, the FD Subject did
not understand the elements of the factor
group and the cyclic properties correctly.

Based on Figure g and the results of
the interview, the FD Subject has not been
able to apply the properties of the cyclic
group G in proof and the FD Subject has
not been able to examine the cyclic prop-
erties of the G /N factor group.

Discussion

GEFT was carried out to determine the
cognitive style of students.. The charac-
teristics of Fl students are choosing the
deductive method and excel in problem-
solving tasks. In contrast, the characteris-
tics of FD students are that they prefer in-
ductive methods and excel in the
knowledge domain that focuses on social
problems (Dowlatabadi & Mehraganfar,
2014; Ates & Cataloglu, 2007). The charac-
teristics of the cognitive style of FD that
prefer inductive methods are not in line

with the characteristics of the group ma-
terial, namely axiomatic deductive. The
differences in characteristics between FD
and Fl students in responding to tasks that
require the ability to construct proofs will
have an impact on the differences in
group Scheme constructed by students.

Based on the Academic Guidelines
(2018) at a university, students with a
score of 81 received an AB grade that
means more than good. In this study, stu-
dent was classified into the high initial
abilities if the student get a score at mini-
mum of 81 on the test of students' initial
ability to construct proofs. The student
ability to construct proofs on group the-
ory, include (1) able to provide group ex-
ample and its proof; (2) able to apply a va-
riety of group properties to solve related
problems; and (3) able to examine the var-
ious properties of the group, is very re-
lated to student initial ability (Soehakso in
Hanifah & Abadi, 2018; Rubowo, 2017,
Dubinsky et. al, 1994; Melhuish, et al,
2019; Fraleigh, 2014; Hammack, 2013).
Wijayanti, et al (2018) conducted research
with result that there is an effect of stu-
dents’ initial abilities on students' ability
to construct proofs in a class using APOS-
based learning. Furthermore, Wijayanti,
et al (2019) found that students with low
initial abilities had not yet constructed the
group Scheme, while students with high
initial abilities displayed the constructed
group Scheme. Zahid & Sujadi (2017)
found that students with high ability can
construct mental structures of algebraic
factorization Schemes. Therefore, this
study focuses on students with high initial
ability in the learning of APOS-based
learning.

Students in a class using APOS-
based learning can construct proofs bet-
ter than students in a class that use direct
learning (Wijayanti, et al., 2018). Moreo-
ver, there is an effect of students’ initial
abilities on students' ability to construct



proofs in a class using APOS-based learn-
ing (Wijayanti at al., 2019). Therefore, this
study analyzesthe coherence of the group
Schemes constructed by students in the
class using the learning based on the
APOS theory.

Based on the results of the analysis
on the work of Problem 1, 2, and 3, the
three Fl, FN, and FD Subjects can provide
examples of groups and are equipped with
the proof correctly. The Fl Subject can ap-
ply group properties in proving and can
examine group properties. Likewise, with
the FN Subject, but the presentation of
proof of the FN Subject still requires fur-
ther explanation. The FD Subject has not
been able to apply group properties in
proving and also cannot examine group
properties. The following is a discussion of
group Schemes for each subject.

The Fl Subject’s group Schemes

The Fl Subject can define sets and binary
operations constitute groups, can instan-
tiate and show that a set together with a
binary operation is a group. The FI Subject
can check all the properties of a binary op-
eration. All group axioms are correctly un-
derstood. The group Scheme is thema-
tized and coherent. The FI Subject can
check the properties of the group and can
apply the properties of the group when
solving the problems faced so that it is
said that the FI Subject group Scheme is
coherent.

The FI Subject is a subject with a
field-independent cognitive style and the
high initial ability to prove. Witkin et al
(Oh & Lim, 2005) stated that several char-
acteristics of FI students are well-orga-
nized and structured in their learning.
These characteristics support students to
study group material. In the interview, it
was revealed that the Fl Subject had no
difficulty in carrying out proving steps in-
cluding the wuse of language and
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mathematical symbols. The Fl Subject re-
alizes thatlogic, set, and mapping are very
important and exercises help to solve
proving problems. This ability accompa-
nies the characteristics of the FI Subject so
that he succeeded in carrying out proving
activities. The expression of the Fl Subject
is in line with Weber (2004: p.128) that
students must have a basic understanding
of logic to attend advanced mathematics
courses. In accordance with the results of
this interview, Blanton & Stylianou (2014)
stated that students struggle with what
supports proof.

The FN Subject’s group Scheme

The FN Subject can define a set together
with a binary operation is a group and the
FN Subject can exemplify and show that a
set that is equipped with a binary opera-
tionisagroup. The FN Subject has already
thematized the group Scheme. The FN
Subject can examine the properties of the
group and can apply the properties of the
group when solving the problems faced so
that it is said that the FN Subject group
Scheme is coherent.

The FN Subject is a subject with a
field-neutral cognitive style and the high
initial ability to prove. The FN Subject can
write the definition and use language and
symbols appropriately. Learning how to
use symbols correctly is a significant chal-
lenge for most students (Durand-Guer-
rier, et al, 2012). Basic symbolic skills must
be mastered by students and sufficient
experience to work with concepts at the
symbolic level (Weber, 2004). According
to Miyakawa (2017), mathematical sym-
bols help readers to quickly grasp ideas in
the proof. Proof and language are closely
related, especially in mathematics
(Balacheff, 2008). Language can contrib-
ute significantly to understanding mathe-
matical reasoning and proving practice
(Williams-Pierce, et al, 2017).
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The FD Subject’s group Scheme

The FD Subject can define a set and a bi-
nary operation is a group and can exem-
plify and show a set together with a binary
operation as a group. The FD Subject can
examine all the properties of the binary
operation and group axioms correctly.
Based on this fact, the FD Subject is said
to have thematized the group Scheme.
This thematized group scheme has not
been followed by the ability of the FD
Subject to check group properties and ap-
ply group properties to solve problems.
The FD subject still has difficulty in prov-
ing it. This shows that the FD Subject
group scheme is not coherent yet.

The FD Subject is a subject with a
field-dependent cognitive style and the
high initial ability to prove. The character-
istics of students with a field-dependent
cognitive style require more explicit in-
struction in problem-solving strategies
(Witkin, et al. 1977). Constructing proof
can be viewed as an advanced problem-
solving task (Mamona-Downs & Downs,
2005; Cai, Mamona-Downs, & Weber,
2005; Selden & Selden, 2003). The FD
Subject can write the definition of group
correctly. To construct proofs requires
the ability to dismantle and logically ma-
nipulate definitions (Weber, 2004). When
constructing proof, one can start with def-
initions, known assumptions, and use log-
ical inference including applying theo-
rems (Mejia-Ramos, et al, 2015). Edward
& Ward (2004) states that students know
well the content of the definitions they
use, but this is not enough. Students also
need to understand the role and use of
definitions in mathematics. Difficulties
arise from students’ understanding of the
properties of mathematical definitions,
not only from the content of definitions.
Students experience difficulty when try-
ing to write mathematical proofs in an in-
troduction to abstract algebra, real

analysis, or number theory. This difficulty
was experienced by the FD Subject. The
FD Subject's understanding of the prereg-
uisite material for constructing proof is in
the high category, but the understanding
of the prerequisite material, namely logic,
the set, and the necessary mapping, may
not be sufficient. This understanding still
has to be followed, one of which is the use
of adequate mathematical language
(Koichu & Leron, 2015). The FD Subject
has not been able to use language and
symbols correctly. Canadas, et al (2018)
state that students may have difficulty
giving meaning to algebraic symbolism.
Difficulties in the use of language and
symbols are one of the triggers for the
group Scheme thematized by the FD Sub-
ject which is not coherent yet. In line with
Stylianou, et al (2015) the FD Subject still
has difficulty in proving. One possible
note is that students may not have a suffi-
cient understanding of what consti-
tutes/supports the proof (Inglis & Alcock,
2012). There are circumstances in which
students are expected to state what the
definition stipulates before applying theo-
rems to draw conclusions (Dimmel, 2018).

At the Activities stage of learning,
the FD Subject stated that the FD Subject
always did the LTM well because it was
very helpful. At the Classroom Discussion
stage, the FD Subject could understand
the explanation at the beginning, but at
end the concentration had decreased. To
overcome the understanding of the mate-
rial at the end, the FD Subject asked a
friend. At the Exercise stage in learning,
the FD Subject in the interview revealed
difficulties in working on exercises. Scusa
(2008) states that mathematical reason-
ing is a complex skill so it requires a lot of
practice. According to Musser (1998), the
characteristics of the FD students must
use repetitive learning strategies or exer-
cises. The time dedicated by the FD Sub-
ject to do exercises in one week of fewer



than 3 hours is not sufficient.

CLOSING
Conclusion

The coherence of the group Scheme con-
structed by students with the high initial
ability and the cognitive style of FI, FN, FD
to construct proofs as follows. The Fl Sub-
ject has already thematized the group
Scheme, can check group properties, and
can apply group properties. The group
Scheme of the Fl Subject is coherent. The
FN Subject has already thematized the
Group Scheme, can check group proper-
ties, and can apply group properties. The
FN Subject group Scheme is coherent.
The FD Subject has already thematized
the group Scheme, but cannot check the
group properties yet, and cannot apply
the group properties yet. The FD Subject
group Scheme is not yet coherent.

Suggestion

The coherence of the Schema determines
the individual's ability to use the Schema
in certain mathematical situations. The
coherence of group Scheme plays arole in
solving various problems related to the
group.

According to Witkin, students with
FD cognitive style can be guided in han-
dling problem solving such as construct-
ing proof so that they can perform as well
as Fl students. Therefore, the results of
this study can be used to design group
learning materials so that each student
can construct a coherent group Scheme.

For a coherent group Scheme to be
achieved, one alternative to group mate-
rial learning that can be done is to rein-
force the method of proof, logic, set, and
mapping. This strengthening can be car-
ried out at several initial meetings inte-
grated with introductory material. The re-
inforcement model in the effective
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method of proof, logic, set, and mapping
can be studied further.

Besides that, it also provides assign-
ments that support students in construct-
ing the schemes that are given before lec-
tures on related material. The FD students
are given more assignments with guiding
questions. Further research is needed to
determine the form of tasks that encour-
age the formation of a coherent Scheme.
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Appendix A. The work result of subject
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Editor Note: The results of the student's work are still in Bahasa Indonesia. For further de-
tails, you can contact the author at the corresponding author.
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