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Abstract. Kratzer potential is a potential for bound states in molecular bonds, while negative
Kratzer potential is a potential for scattering states which has a barrier form, and which clearly
has properties opposite to the bound state potential. This type of potential is the main subject of
this paper. When a non-relativistic particle which has lower energy moving towards the potential,
then there is a probability for the particle to break through the potential. In this paper, we use
the WKB (Wenztel-Kramers-Brillouin) method to analyze the physical conditions that must be
met by the system in order for the tunneling processes to occur. We present these conditions in
the form of the relationship among several quantum variables such as the mass of the particle,
the energy of the particle, the maximum height of the barrier potential, equilibrium internuclear
scparation, and the enactment domain of the potential field effect on the particle when the particle
breaks through that potential.

1. Introduction

The quantum tunneling effect is a phenomenon at the molecular, atomic, or subatomic level that occurs
when a particle with a certain energy £ can penetrate a potential barrier V() with higher energy. This
phenomenon does not exist in classical mechanics but occurs at the quantum level [1]. This phenomenon
opened a new perspective for scientists in the 19th century so that they were able to construct quantum
mechanics to become more established today. With a good understanding ofthe effects of'this tunneling,
many of the puzzles of physical phenomena begin to be answered, such as problems with radioactive
decay, ionization, quantum state transitions, and so on,

The theoretical study of the tunneling effect was first carried out by Gamow in 1928 (independently
#Z)Condon and Gurney) in analyzing the alpha decay phenomenon of radioactive atomic nuclei ([1,2]).
The tunneling effect plays a very important role in physical phenomena both at the molecular, atomic,
and sub-atomic levels. By knowing this mefinism, many things in the microscopic context can be
known. The problem of tunneling effects also plays an important role in materials developed in the world
of science to the world of industry, from research related to materials for semiconductors,
superconductors, to industrial-scale materials such as graphene and optical materials ([3],[4,5]).

Based on the medium, the tunneling effect can be divided into two, namely the linear and nonlinear
tunneling effect [6-11]. The linear tunneling effect is a mechanism of the tunneling effect that occurs in
the air/ vacuum medium, while the nonlinear tunneling effect, for example, is in wave propagation in
non-air/ vacuum optical materials ([6,12]). There have been many studies examining these two fields,
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both linear and nonlinear ([3-6,13,14]). In terms of the analytical method, it is quite different
fundamentally, which also results in the complexity of the formulation produced and then analyzed.

This research is focused on the phenomenon of the linear medium tunneling effect. More specifically,
this research will focus on analyzing the quantum transmission probability (tunneling mechanism) of a
charged particle passing through a potential barrier. The potential barrier to be examined in this study is
a negative Kratzer potential. Kratzer potential is a type of potential that is often found in molecular
interaction phenomena, and which was first introduced by Kratzer [15]. Currently, this potential study
has been developed into various fields of study, for example, the quantum dot [16], statistical
thermodynamics [17], the Stark effect for the bound state [16], and others [18]. Modifications to this
potElial can be seen in ([17,19-22]).

The Kratzer potential is basically constructed to describe the bound state of molecular interactions.
One thing that is interesting is that, although Kratzer potential is a bound potential, from another point
of view, this potential can be seen as a barrier for certain particles outside the system to pass through,
or even by other particles in the system that tend to "break away" or change its quantum state. If another
particle moves closer to that potential, that particle has the probability to penetrate or be reflected/
scattered, as well as the particle which will change its quantum state (excitation), has the probability to
"break away"/ break through the effect of the potential in its initial state. Classically, if the energy a
particle has is lower than the interaction energy of a molecule, it is impossible for the particle to penetrate
that potential; but quantumly, there is a probability that the particle will penetrate it.

If the system in question is molecular interactions, then basically the Kratzer potential indicates a
bound state interaction, which is also a state of attraction in a molecule. However, if we are considering
the possibility of transmitting other particles through molecular interactions, then the potential under
review must act as a barrier/ scatter potential, therefore this potential sign is made negative from the
standard potential. The potential of this type ([ 15]) is further reviewed in this study.

This research is focused on analyzing the tunneling effect of quantum particles when they are
subjected to a negative Kratzer potential. This study uses the WKB (Wentztel-Kramer-Brillouin) method
in finding the probability of particle transmission. This method is one of the most powerful methods that
can be used not only for solving bound states in quantum systems, but also for such unbound cases.

2. Methods

2.1. WKB approximation

In general, the WKB Method is used to solve time-independent Schrodinger equation problems that are
difficult to solve/ even cannot be solved exactly. This method can be applied to bound state problems
(to calculate energy levels) as well as to analyze scattering phenomena (at barrier potentials) and the
effect of quantum tunneling ([23-25]).
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Figure 1. A General form of Barrier Potential

Since this study is focused on the tunneling effect, the description of the WKB method is only focused
on this phenomenon. Before further elaboratin@h the WKB method, it is necessary to briefly explain
the tunneling effect. This phenomenon occurs when a quantum particle penetrates through a potential
barrier that has higher energy than the particle's energy. This phenomenon was first investigated by
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Gamow, Gurney, and Condon to analyze radioactive decay, however, recently, the tunneling effect has
been studied in many quantum areas as previously mentioned.

(%) =LEX13 (i J-xk(x)dx+f)+ b exp (—‘ka(x)dx+f) 0
v k(x) a 4 ”((JC) 4

Yulx) = \/;_(x)exp (—L k*(x)dx) exp (j k' (x)dx) 2

i 3

Y (x) = m&)&p( J- k(x)dx + g) (3

\V2m J2m(V(x) - E) (4)
f

where

k(x) = —— k()—

It should be remembered that the addltlon of the /4 phase in equations (1) and (3) from the actual
form is solely for the purpose of facilitating the comparison of these equations with Airy function in
solving the limit problem (classical turning point) to find the relationship between the constants F in
region Il with constant A in the region .

If we pay attention to equation (2), there is a serious matter that must be considered, namely the

1
. where p'(x) =

=) p'(x)
J2m(V(x) — E) is the momentum of the particle in region II. However, what needs to be considered is
the points (a, E')and (b, E), which are the classical turning points. At these two points, E = V(x), makes
the factor

. . 1. .
amplitude part of the wave function. The factor N is proportional to

1 . . . .
No) go to infinity or the momentum factor is zero so that th ve function at this point
X

goes to infinity. This is very contrary to efgferimental facts. Therefore, to solve this problem, it is
necessary to connect the wave function from region [ to region II, and also region II to region 1L

To get thefgonnection formula, it can be done in a few steps. First, separately observing the regions
that are very close to the connection point between regions I and II, then region II and region III; this
area is hereinafter referred to as the patching region. Second, the patching region is seen as a new
quantum system, where the potentiaEfifrm is a linear potential that has a certain gradient with respect to
the horizontal plane. Third, perform a solution analysis of the Schrodinger equation for this system. The
solution of the Schrodinger equation system generates a patching wave function which is a linear
combination of the Airy type I and type I functions. Fourth, comparing the WKB wave function for
each connection area with the patching wave function corresponding to the two regions. From this
relationship, the relationship between the constant F in equation (3) and the constant 4 in equation (1)

2
will be obtained. This relationship is used to calculate the transmission probability T = El . The

intended Airy functions are Ai(w) and Bi(w), which generally have the form of integral representation,
namely

aiew) =2 [ cos (2 d 5
zw—nJ; cos| 5+ yw | dy, (5)
1 ] _ 3 3
Bi(w):—f (9 y3_+yw+sin (y—+yw))dy. (6)
), 3
For asymptotic condition
1 2 3
Ai(w) ~ Texp (—§w2) w0, 7
2w
2 El
Ai(w) ~ T Sm(g(—WZ)—F ),w<<0
Va(-w)s * ®)
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3
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The first review is carried out on the right turning point, namely point (b, £'). The wave function for
the linearized potential (patching area) in region III can be written

Yur-p (W) =1 Ai(w) + { Bi(w). (1n
where
Au %
12
W:(—hz) (x—xi), ( )

A is a constant, x; is the turning point on x-axis, and u relates to the potential gradient. WKB wave
function for region III is

1 2{'(—w)% —zi(—w)%
Yrr-wxs(W) = 7| Fe3 + Ge 3 (13)
(—w)s

Based on equation (3) and (13), WKB wave function for region III can be expressed in the form

(2 2
F :(—(—w)z+—)
Yi-wke(w) = T€ : . (14)
(-w)2
To compare the wave functions of equations (14) and (11) which are based on Airy's function in
equations (8) and (10), the form of equation (14) must be changed using Euler's formula into

trigonometric form so that the form becomes

F 2 3 T o 2 3w
Yur-wixe(W) = — (COS ((g (—w)z + Z)) + isin ((g (—w)z + Z))) (15)
(—w)r
From equations (15) and (11), based on equations (8) and (10), we find
no_; £ _
ﬁszdanﬁfF. (16)

Based on equation (16), it can be seen that ) and ¢ have a relationship in the form 7 = i(.
Furthermore, we consider the wave function in region II (patching region) around x = b,
namely

Yy (W) = iGAi(w) + ¢Bi(w), (17)

and WKB wave function for region II, namely
. 3 . 3
PP aw) = e 4 2o (18)
w4 w4
Then, we compare equations (17) and (18) by utilizing Airy function from equations (7) and (9), we find

i{ iF

(=——=—,; D=—=F, (19)

2fm 2 pi

iF 1 b b
,(,b)(x) = ([?) m (exp (_-[: k’(x)dx) — 2iexp ('L k’(x)dx)). (20)

After reviewing the connection at the point x = b, we continue with the connection at x = a. The

then

connection at x = a can be obtained from lbff)(x) in equation (20) by changing the form of the
following integral

b a b X b
jx k'(x)dx = fx k' (x)dx +ja k'(x)dx = fja k’(x)f:l{x+jﬂ k' (x)dx . (21)
Using the same method as when deriving equation (20) using the form in equation (21), the wave
function lp‘,(f)[x) can be written
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where
y= f; k'(x)dx . (23)
Converting equation (22) into the form ¥(w) around the point x = a, we get
. z 2 z 2
}F)wm w) = % (% e Ve 4+ Fe”e_sz). (24
w4
The patching wave function in the linearized potential region around x = a is
D w) = a Ai(w) + f Bi(w). (25)
By comparing equations (24) and (25), and utilizing Airy function in equations (7) and (9), we get
= per; £ T 26)
2w Covm T oz
Next for region [, we use the form
1 i0 -if 1 i i
Y —wrg(W) = -(4e'® +Be ) = -((A+ B)cos@ +i(A —B)sin@) Q7)
(—w) (—w)#
where
2 S 4
0= ;(—W)Z +: . (28)
Based on equation (26), patching wave function for region I can be written
Yr_p(W) = 2V Fe¥ Ai(w) + ~m Fe™¥ Bi(w) . (29)

Furthermore, we compare equations (27) and (29), we get

A+B=2Fe" ; A-B="" (30)
By solving equation (30), we get the relationship between F and A, namely
F e’
A~ e (€20
) 1+ 1
Thus, transmission coefficient T = El , becomes
T=—02"
= o212’ (32)
(1+ =)

3. Result and Discussion

3.1. Tunneling Effects through Negative Kratzer Potential

As discussed briefly in the Introduction, the Kratzer Potential is to explain the bound state of molecular

2
interactions. The standard form of Kratzer potential is V(1) = —D, (2—:_‘“" - %), where D, is the lowest
bond energy molecule, which can be viewed as the energy required to break molecular bonds/ separate
molecular constituents; 7, is the most ideal separation distance to produce stable and strong molecular
bonds; and r is the separation distance between the nuclei [18]. Based on this formula, it can be seen
that D, can be viewed as a potential "depth", which is also a point of vibrational equilibrium between
molecules and acts as a point of bond stability.

Based on the description above, it is clear that the Kratzer potential explains the interaction of
attraction between molecular constituents. Of course, this potential does not allow for quantum tunneling
effects, because this potential is not in the form of a barrier potential or scatter potential. What is
interesting about the potentials that explain the bonding of molecules such as the Morse Potential,
Kratzer, Kratzer modification, Hellman, etc., which are in the form of potential for the bound state, but
from another point of view, this potential can be seen as a barrier to certain particles outside the system
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through it, or even by other particles in the system that tend to "break away" or change their quantum
state [15]. When it is to be viewed in this way, the potential under review must act as a potential barrier/
scatter, therefore this potential sign is made negative from the standard potential. When made negative,
then this potential form will automatically act as/ become potential with repulsive force (which will act
as scatter/ barrier particles) because it will form a curve over the horizontal axis.

The form of negative Kratzer potential is

- e _ré
ve) =20, (2-%). (33)
From equations (4) and (33), equation (23) can be written
— 2
y =1 [ e gy (34)
where £ > 0,D, > 0,1, >0,r # 0, and
W =4mD,r, 5 pp = —4mD1l |y = —Tu,. (35)

From equation (35), it can be seen that gy > 0, while g, < 0. Next, equation (34) can be written
y=:T, (36)
with

(37

L]

r= fb HaT—(ET2 +(117%) dr
a T
where I" must be real (which is determined based on the conditions), then the solution of equation (37)
for the complex solution form is expressed in the form I'. Therefore, equation (37) has an exact solution
of the form

[= b — (ED2+py1,) —Jma — (Ea?+ui7,) +
i ) %—2:\@“2 Urb—(EbZ+y1e) N
2VE %—2£ﬁa+z\a’u1a—(£a2 +lUpTe)
, @\ =iy (b—2re)—2,1e /i b—(Eb2+puy1e)
iy pTe In ((b) —ivin(a—2re) -2 re\tia—(Ea®+u1e) )
From equation (32) it can be seen that the tunneling effect phenomenon can only occur if ¥ € R, which

also means that ' € R™. Therefore, in order for the tunneling effect to occur, equation (38) must fulfill
certain conditions. To analyze these conditions further, equation (38) needs to be simplified into

F=H —Hy+Hy+Hy . (39)
Hl = "'Hlb - (Eb2+.u1rg) (40)

Hy =yJma— (Ea*+u1,) (41)
[ , -
i, (\@ 2«/?5); +2J1b — Eb? 410

(38)

where

Hy =——=In (42)
2VE (ﬁ—zﬁa)i +2a— (Ea?+ur,)
VE
_ . @\ iV (2re=b)=2/Te/us b—(Eb2 +psTe)
Hy = i\fiyr, In ((b) YT Ry e o e ) @3)

The first analysis carried out is to select the conditions for the real condition. From equation (40),

the conditions that are met must be of the form

wh—(Eb?+u,m,) =0, . (44)
The reason for the choice of greater is equal to zero in equation (44) because this condition is not the
only condition to produce a real positive y value, but it still depends on other conditions which of course
can cover Hy = 0. Thus, this particle did not deviate at all from the phenomenon being studied.
Furthermore, from equation (41), the conditions that must be met are

pa—(Ea*+ur,) 20 . (45)
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The choice of conditions in equation (45) also has the same reasons as choosing the conditions in
equation (44).
Next, we analyze equation (42). This equation can be expressed in the form

_ Mai g (Lyi+2H,
m=fEm(Ey) (46)
where
u [0
LIZ\T‘%—ZV’EE); Lzzv,—%—fo’Ea. 47)
Using the logarithmic property, equation (46) can be written in the form
Hy = ““ Sy n(Lyi+2H,) —In(Ly i+ 2H)} (48)

IfIn(Li42H,) = ay + 511 and In(Lyi+ 2H;) = a; + f,1, so to get real H3, we have to choose f3;
and f, is negative. The conditions that must be met so that these two values are negative are Ly and L,
must also be negative based on cquation (48). Explicitly, we have two more conditions, namely

&< 2VED; =< 2VEa (49)
So that the form used in equation (36) isin accordance with this physical state
R(Hs) = 7= (B, = Br) (50)

where R(H3) is the real part of Hs. It should be noted that the conditions obtained here are still in the
domain of requirements to meet the real conditions.
We now proceed to review equation (43). This equation can be expressed in the form

Liyi=2a\TeH
H,=i/urIn (;i 22?}{:) . (51)
where
Ly = a\u;(2r, = b) ; Ly = by (21, — a). (52)

Using the logarithmic property, equation (51) can be written as

Hy = i\/usro{In(Lai — 2a,/r.Hy) — In(Lyi — 2by[1, H,)). (53)
[f]n(L3i - 2.51\/7‘_9.‘1’1) =ty + fai; and In(Lyi — ZBJEHZ) = a4 + 41, so to get real H,, we have to
choose fi; and 3, to be negative. The conditions that must be met so that these two values are negative

are Ly and L, must also be negative according to equation (53). Explicitly, we have two additional
conditions for reality, namely

r,<b/2; r,<afl (54)
So that the form used in equation (36) is in accordance with this physical state
R(Hy) = Jure(Ba — B3) (55)
where R(H,) is the real part of Hy. So the factor [ has a form
'=Hy—H; +R(H;) +R(Hy) . (56)

From the analysis carried out so far, we have obtained some necessary conditions for the real state
of equation (39). However, it should be noted that for the tunneling effect phenomenon, not only the
real conditions of equation (39) must be met, but also the positive conditions for this equation. Therefore,
the positive condition is fulfilled if ' > 0, or explicitly

Hy — Hy + R(H3) + R(Hy) > 0. (57)
From equation (57), it can be seen that the combination of operations H,, H,, R(H;), and R(H,) with
positive real results will allow the tunneling effect phenomenon to occur.

Based on equation (56), equation (36) can be written

1
y = H(Hl—Hg + R(H3) + R(Hy)). (58)
Furthermore, we can express equation (32) to be
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e—%(uj —Ha+9(H3)+R(H))

(1 ‘ e—%(ul JI2+9E(JI3)+9E(J14)})2 . (59)

T =

4

For cases where Hy — H, + R(Hs) + R(H,) is very large, then equation (59) can be written in the form
T = e—%(H1—H2+3T(H3)+9T(H4)) . (60)

It can be seen from equation (60) that for this situation, the WKB transmission formulation is reduced
to the Gamow formula.

4. Conclusion

We have analyzed the quantum tunneling effects of particles passing through negative Kratzer potential
using the WKB method. What we do is analyze the conditions that must be met for this phenomenon to
occur and also compute an explicit statement of the probability of its transmission. We have presented
the terms in detail at the top and specifically, the calculation of the transmission probability can be seen
in equation (59). It can be seen that, when H, — Hy +R(H3) + R(H,) is very large, then the
transmission probability is reduced to the Gamow formula.
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