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Abstract. Protonium is a type of onium consisting of a proton (p) and an anti-proton (p ) which
is called antiprotonic hydrogen. Since the proton and the anti-particle have the same mass, and
cach of them is a fermion, the Hamiltonian form of this system consists of the kinetic energy
terms of each particle, the potential energy, and the spin interactions of both (hyperfine
structure). To simplify the analysis, the Hamiltonian is then converted into a Hamiltonian which
contains the relative motion terms of the two particles. This new Hamiltonian contains their
reduced mass beca& the two particles orbit each other towards a certain center of mass. In the
initial state, t < 0, the system is in the ground state and then at 0 < t < 7, the system is given a
disturbance of the form V(t) = (V, + V, r sin 8 e'#) cos(wt) 6, . £, where V, is a constant, V,
is a constant and very small, &, is the Pauli matrix for proton, and £ is the three-dimensional
position operator in spherical coordinates. We analyze this system using a time-dependent
perturbation theory that begins by defining the initial state, then calculating the transition
amplitude for the new state when the perturbation is applied to the system. From the results of
this calculation, we compute the system transition probability. We find that the transition
probability of this system can only occur for the following quantum number terms, namely n
even positive integer, [ = 2, § = 1, and with the certain combinations of m and M.

1. Introduction

Research on subatomic particles has always been an interesting topic to do. This is not only because of
its mathematical beauty and physical interpretation, but also because there are so many counter-intuitive
physical realities, so that it makes scientists even more curious to reveal them; such as quantum
tunneling effects [1-4], particle decay and transmutation problems [5-8], spin quantity [9-11],
interactions between subatomic particles [12],[13] , and many other physical properties.

The increasing and better understanding of the quantum reality of subatomic particles and their
interactions will certainly have a very good impact on the integrated understanding of how our universe
works, of course by involving other theories such as the General Theory of Relativity [14], Quantum
Field Theory [15], Quantum Chromodynamic Theory [16], Quantum Gravity Theory [17], String
Theory [ 18], even the Theory of Everything [ 19]. The properties of particles and their interactions at the
subatomic scale that are studied theoretically will also be the basis for how experimental scientists carry
out a proof for the sake of proving each theory and theoretical framework developed.

In this paper, we examine the behavior of a subatomic system of onium, specifically for protonium,
which is a system of particle interactions consisting of a proton (p) and its anti-particle (p ). More
specifically, what we do in this research is to analyze the probability of the transition of this system
when disturbed by a perturbation of form V(t) = (V, + Vyrsin@ ei?) cos(w@s, . £ which is done on
the ground-state system, where the definition of each variable at this potential has been described in the
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abstract section. Because this perturbation is time-dependent we use the theory of time-dependent
perturbation to analyze this system. Even from the potential form containing the cosine function, we can
see that this perturbation is an oscillating perturbation. Our detailed analysis can be found in the fourth
section of this paper. This paper generally consists of four parts, namely, first, an introduction, second
on protonium, third on the theory of time-dependent perturbation, fourth on the probability of transition
of a quantum system subject to perturbation, and the last is a conclusion.

2. Protonium
Protonium is one type of onium that is very interesting to study because it is a system consisting of
particles and anti-particles [20], meaning that this particle interaction occurs in particles that are only
distinguished by their charge, while their spin and mass are the same. The system has a peculiarity in
that there is an excess of the number of symmetries compared to other types of onium, namely the
similarity of the mass of the two particles. Protonium as a system is a boson, but its constituents are
fermions. Protonium has an average life span of 1 us, with a binding energy of -0.75 Kel [21]. Pure
protonium has a Hamiltonian form [22]
_ hZ 2 1 _ . N2 . .
H:—Evg—ﬂﬁvgqﬁﬂi‘fzﬁm?&p-rﬁ) +g9d,6; (D
where g <« hw; p, and p, respectively, are the proton and anti-proton masses; g is the Lande factor;
@y and @y arc the Pauli spin matrix for protons and anti-protons, respectively.

To facilitate analysis, the form H equation (1) can be converted into Hamiltonian form with the
coordinates of the center of mass, namely

_ h? h? 3
where s stands for spin, next
- oy gyt Lo L s M tpTy 1,
M=, +p; =2, e 2pp, F=f-—7; R . 2(rp+ 75) (3)
and total spin
L R 1., .
S =5+ :E("p +3p)- (4)

It can be seen that, from equation (2), the first term of the right side is the motion of the system as a
whole; thEfecond and third terms are Hamiltonian terms for an isotropic harmonic oscillator without
spin; and the last term of the right-hand side arises from the product of the Pauli spin matrix, which uses
the basis |s,5; ; SM), where the indices correspond to the Pauli spin matrix, and which are associated
with protons and anti-protons. Meanwhile, the bases of each particle are |s,m,) and |Sp—mp—),

respectively. Based on equation (2), the energy state of the system without perturbation is casily obtained
PZ

Ens:m+(n+g)hm+29(s(5+1)—§) (5)

wheren = 0,1,2,3, ...
For the energy level of internal motion, we must ignore the first term on the right side of equation
(2). For the ground state of internal motion, n = 0; § = 0, then

3
EDU = Ehw —-4g (6)

3. Time-Dependent Perturbation Theory
3.1. Dyson series

Suppose a quantum system has a state |a) at time t = tg, then at time t, the system is in the state
let, tg; t);, where the form | ), represents the state in the interaction picture. For a quantum system that

2
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is subjected to time-dependent perturbation, in the interaction picture, the state equation using the time
evolution operator U;(t, ty) can be expressed in the form ([23.24])
|a tn:t)f =U(t, to)la to; tohs (7

where U, (¢, ty) = e ﬁ U(t tg)e a ; U(t,tg) is the opdEEfor of the evolution of time in the Shrodinger
picture; and Hy is the time-independent Hamiltonian. The time evolution operator in equation (7)
satisfies the equation

L dU(t,to)
LhT = V(U (L, tg) (%)
where V;(t) isa potential interaction picture that has a form
iHgt —iHyt
Vit)=e k V(t)e i . 9
Furthermore, equation (8) becomes
Up(tto) . t
du(t'ty) = I f ViU (', to)(t)dt’. (10)
i
Up(tito)lto to

By using the initial condition U; (t, to)|¢=¢, = 1. the integral result of equation (10) is obtained, namely
t

1
Uit tg) =1+ I j Vi(tOU(t, t)dt'. (11)
to
Furthermore, assuming that V;(t) is small, then the solution of equation (11) can be approximated
successively. For the first-order approximation, entering U, (t', t) = 1, we get
t

U_,(l)(t, ty) =1 +%jV;(t')dt’. (12)
i 2
For the second order approximation, we use U; (t',to) = U,(l)(t". to) and then inserting this form and
equation (12) into equation (11), we get

tr
1 1
U (t,te) =1 +EIV,(t’) 1+Efv,(t”)dt” dt’
t tr (13)
1 2
= 1+— fl/,(t’)dt (h) fV_,(t’)dt’ f v (t"dt" .
to to

The higher orfdrs can be obtamed u%mg the same method. Therefore, the general form of this

approximation can be expressed in the form
t t tr

Uyt to) = 1+iIW(t’)dt’+(%)2 jV;(t’)dt’ IV;(t”)dt”-i--v-

Iy

tin—1)
Tdt f dt' . f dt@V V(") .. V(™) +

This form is known as the quon Seneq which is ur.ed to calculate the state vector up to the required
perturbation order.

(14)

3.2. Transition Probability
The probability of transitioning a quantum system with the initial unperturbed |i) to |n} state is ([23,24])
P(i = n) = [(n|U;(t, o) 1D)1* = |Ca|* (15)
where n # [, and
Ca=CO+ P+ ¢ + - = U (t, L) i) (16)
Using equations (9), (16) and (14), we get
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C'(D) 8, ; (independent of ) (17)
t t
(1) 1 " ' 1 feopitr AT, '
Cp = (n|V,(t")|i)dt =7 et (n|V(tH|i)dt' ; (18)
i i
ty to
t tr
c,(f)— — f f dt” etenmt (n|V (t")[m)e “mit” (m|V (")) (19)
0
where
elamit = B{'(E,,—Ei)t/h_ (ZU)

Equation (15) is a statement of the probability of a quantum state transition to a certain order in V;(t).
However, for values in high orders generally have a very small contribution to the value of the transition
probability in low orders, especially for first-order. Therefore, most of the transition probability affilyzes
are only carried out in first-order because this order alone is sufficient to represent the physical state of
a quantum system such as the problem of atoms and nuclear physics.

4. Transition Probability of Perturbed System
The quantum system studied in this paper is protonium as previously described, but in a state when
protonium is subjected to oscillating perturbation. In its initial state, protonium is in the ground state,
and then at a certain time, the protonium experiences a perturbation potential in the form of

V(t) = (Vo+ Vyrsing e®)cos(wt) 6,-% ; 0<t<rt, (21)
where V; is aconstant, 6, is the Pauli matrix for protons, and X is the three-dimensional position operator
in spherical coordinates; V4 is very small; % & 1;V(t)iszerowhent <Qandt > .

Before being perturbed, the system is in a ground state. If we suppose that the Hamiltonian in the
basic state is

H, :—h—2V2+Ew2r2+2 (s(s+1)—§) (22)
L A 9 2
then
Hyln) = Ey|n), (23)
and furthermore, the equation for the state after being subjected to perturbation V(t) is
~ o ad
(Ao +v(©) W (®) = ih o [w(e)). (24)
By expanding the state to base |n) with the form
(D) = ) Calede™ 5t/ ) 25)
n

and put into equation (25), then multiplied by the form (m|e#mt/" from the left side and add up for all
m obtained
dc, (t)

Z<n|voz)|m>e 0 26)

As previously explained, at first the system is in a ground state, and we define this state in the form
|000; 00} and the final state is in the form |nlm; SM}), which arises from the direct product
|[nlm; SM) = |nlm) @ |SM). (27)

Since proton and anti-proton are fermions with spin— each, the total spin state |[SM) of the protonium
system contains the base state of each particle, namely []

I11) = [s,(Ds, (1) (28)
110y = % (Isy (D55 (1)) + 15, (Wsp (D) (29)
11— 1) = [s, (s, (1) (30)
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and
% (Isp(Msp (1) = Isp M) s(M)) - (31
Since this type of perturbation involves a three-dimensional vector X, the first analysis is to calculate
the shape of 6, * £ in sphericaggordinates, namely
oy -nx“ =sinf cosmpx + siné sin¢ gy, + cosfap, (32)
where % = xi+yj+zk; with x =rsinfcos¢; y =rsin@sing; z=rcos8; and 6, = op, i+
0py] + 0p k. Then, the operator in equation (32) is worked on state |00), then we get the form

1
(6, - £)100) = ﬁ{sin s B0y |sp (Ns(L)) — sin b cos ¢ oy |5, )s(1))

+5sin 6 g do,,y, [s,(Nsp(1)) (33)
—sin 6 sin o,y |s, (s (1) + cos 00y, |s, (D s; (1))
— cos 00, |s, (s (M)}

|00} =

By using relationships

Ouxl5p (D) = 15, 1) G5, D) = 15, (D)); (34)
Tpy|$p (M) = i|s, (V) Gy |5, (1) = —i]5,(M); (35)
Gp2|5p(T)) = |5p Mk Jlesp L) = _lsp ) (36)

and by utilizing the form of equations (28), (29), (30); then equation (33) becomes
1 : 1 .
&, - £)]00) = —=sin #e'?|1 — 1) + cos 6|10) — —sin Be @ |11). 37
(6 - ©)00) = — I1-1) 119 -7 11) (37)

Next, we calculate the form of the average value containing r sin & ei‘p&'p - X, namely
(nlm; SM|rsin6 e'?d, - £(|00) ® [000))

, 1 .
= (nlm; SM|(r sin 8 e'®) (—sin #ei?|1 — 1) + cos 0|10
{ IC )(\ff | ) [10) (38)

—isin fe™ ) 111))Y2 @ |0)
\/E 1]

where ¥{"™ is a spherical harmonic function. By performing several calculation steps, it is obtained
(nlm; SM|r sin@ e*®g,, - £| 00;000)

= msMir( 2% v211 -1y — [Bvaa0y 4+ (B yoi11
= {(nim; |T(E2| —1) - EZI )+§ ?2| ) (39)
2

- 0
S\EIH)) Yy ®10)

The next form of equation (39) can be written

(nlm; SM|r sin 6 e'®G,, - £| 00;000)

4 1 (2 2
= (nl|r|00)8; 854 'E B, 200m,—1 +§J;6m,051\f,1 - 'E 8:m,160,0 (40)

2

nl|r|00)3,085,1 8,00,
3‘\{2( II )I,D 5,1%m,0%M,1

where




ICMSE 2020 I0P Publishing

Journal of Physics: Conference Series 1918 (2021) 022023 doi:10.1088/1742-6596/1918/2/022023
(=]
(nlr]00) = j Ry Roor? dr @1
0
Forl =2,
oo

{n2|r|00) :j R, 2Rger3dr.

0
Next, we calculate the form of the average value which contains gy, - £, namely

(nlm; SM|G, - £(100) ® |000))
1 . 1 .
= (n!m;SMI(Esin fe'®|1 — 1) + cos ]10) —ﬁsin fe ) |11))Ye
® 0).

By performing several calculation steps, it is obtained
{nlm; SM|d, - £| 00;000)

4, 4 . 4, o
= (nlm; SM|r( ?Ylll—l)— ?Y1|10)— ?Yl [11)) Y5 & |0).

The next form of equation (44) can be written

. 1
(nlm; SM|@, - 2| 00;000) = \/;6”06:1651 (8moBm0 = G1n1 Oat,—1 — Bm16m1) = 0,

since [ = 0 forn = 0.
Next, we calculate C,, (1), that is

1 ‘
C, (1) = Ef e'@rot(nim; SM|V ()| 00;000)dt

0
T

1 . .
C,(r) = Ej en@t (nim; SM|(Vy + Vy7 sin 6 e?) cos(wt) a, * £| 00;000) dt

0
T

11 . .
C,(D) :Efe‘"‘“‘ (nlm; SM|(Vy + Vy7 sin 68 €'®) 6, - £] 00;000) cos(wt) dt
0

T
1 . .
C, (1) = — (nlm; SM|(V, + V,rsind e'®) &, - £] 00;000) | e™®! cos(wt) dt
n f 0] 1 2l
L
0

T
1 . .
C,(1) = ﬁ(nlm;SMer sinf e'® G, - £| 00; ooo)f et cos(wt) dt,
L

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

0
because (nlm; SM|d, - £| 00;000) so it doesn't contribute to C, (). By using Euler's formula, which is

the inversion of the form e¥® = cos @ + +isin 0, the integral result is
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j et cos(wt) dt
0
(n—1) cos((n + Dwt) + (1 + 1) cos((n — Dwr)
- 2iln +1D(n— Dw (51)
(n -1) sm((n + l)w'r) +(n+1) sm[[n - l)w'r)
2+ 1)(n - Dw

+——
n+1(n—1Dwi
From equations (40) and (51), equation (50) can be written
Cr(D)

{nl|r]00)8,, 651 \/—_5 Om20m-1 13 f m,u§M1 == Om10m,0

(n— 1) cos( (n + Dwr) -l-m + 1) cos((n — Dwr) (52)
2n+1)(n—1Dw

— ——(nl|r|00)8; 485181096, (—
3\){—( Y61,005,101m,00m,1

(n — D sin((n + Do) + (n + 1) sin((n — Dwr) n
3] 2+ 1D (n—1Dw (n+1)(n—1)w)'

Or, equation (52) can also be written in the form
(e—(’(n 1)wt ei(rH 1wt

n-—Dw @+l

Cn (T) = ﬁ

2n 2 1 2
_—(n T DM - 1)(0) (nl|r|00)51_2554 E 5m,2 5M,—1 +§j;5m,05n4,1 (53)

2 58 2
15 9m19mo 32
For a three-dimensional harmonic oscillator, n = [ + 2n,., and based on equation (53), C,,(t) is non-

zero ifl = 2, thenn = 2 + 2n, = 2(1 4+ n,) is an even number. Therefore, we get
Czq—l (0)=0, (54

{nl|r| 00)51,055,1 Smobma

and
e*i(qul)wr ei(2n+l)wr

2n-Dw (Cn+ Do

V
Can (1) = 53 (20; 2171 00)é (

kil S NP S B P S
n+ D@2y -Dw/\y15 ™M T3 [5mOTME (55)
2
- Egm,laM,U ’

where [ =2; n =1,2,3,...; and (2n; 2|r|00) = fum R(ZH)JZRUUradT.

The expression for equation (55) is a relatively general form because it allows several possible
transitions depending on 1. Of course, we can easily select a particular state to obtain results similar to
harmonic perturbations such as [24], [23], and [25]. Based on this equation (55), we can state the
probability of a system transition, namely
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P = |y @[ = o [(20; 2171001285, (22 2 cos(4nw)
= [f2n T =52 1 51\ (@ —4nZw)? (27 — D20 + Dw? et
8n
- Zn ¥ D20 = 1)2w? cos ((2n — Dw1)
81 (56)

cos ((2n + l)w'r))

2
— 8, 50 _
Tt P20 - Da? Va5 Omeou-1

2
1 (2 2
+3 g5m,u5m,1— E@n,ﬁm,u .

Equation (56) is a general form of transition probability when protonium is perturbed by the
perturbation form as shown in equation (21). Perturbation of this type contains sinusoidal terms in the
polar and azimuthal parts simultaneously, the time-dependent oscillation term with oscillation frequency
w; and finally, there is a scalar product factor between the protonium Pauli spin matrix and its three-
dimensional position operator. The contribution of several of these factors simultancously makes the
total perturbation seem quite complex. However, by performing various calculation steps, the system
transition probability form is finally obtained as shown by equation (56). This form of transition
probability can easily be reduced to well-known forms as in the case of constant perturbation or
harmonic perturbation, of course, by the choice of special circumstances. However, if one looks closely,
there is something that is somewhat surprising, namely the absence of a constant potential V in the
system transition probability formulation. It can be seen that V; does not contribute at all to the transition
probability of this system. However, we can understand that the presence of the factor [fp "X as a
multiplier of the constant V; makes the average value zero. This can be seen in the form of perturbation
if we choose to omit (for comparison only) the scalar product factor of the Pauli spin matrix and this
three-dimensional position operator; if this form does not exist, then the system transition probability is
guaranteed to appear constant Vy (either the form cos wt is omitted or not). This means, it is true that
the presence of the scalar product completely eliminates the effect of V. But keep in mind that its
presence only removes the influence of constant perturbation factors (as far as currently known), not for
all multipliers. In fact, the perturbation term containing the factor V; r sin 8 e!® does not become zero
when multiplied by the scalar product reviewed earlier, thus indicating that V; has a strong influence on
the system transition probability, unlike V. Finally, when viewed again from equation (56) above, the
general conditions for quantum numbers that must be met in order for a quantum transition to occur g}
this system are n even positive integer, [l = 2, 5§ = 1, and with the combination of m and M as shown in
the last terms of the right-hand side of the equation.

5. Conclusion

Based on our analysis, it has been found that a protonium system when disturbed by perturbation as
shown in equation (21) will produce a transition probability form as shown in equation (56). This system
transition is possible only with the terms of the quantum number » positive integers (even numbers),
L= 2,5 =1, and a certain combination of m and M according to the Delta-Kronecker function, with the
pairs &, 205 —1; Omp8p,1; and 8y, 1 8y - It has also been found that the presence of the scalar product
factor of the protonium Pauli matrix g,, with the three-dimensional position operator £ as a multiplier
of a constant potential Vy eliminates the effect of this potential totally on the system.
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