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Abstract. We presume that G(V, E) is a simple, undirected, and connected graph. A function A from VU E'to {1,2,...,k} is named
a totally irregular total k-labeling if the set of vertex-weights and the set of edge-weights of G consist of different values. The
minimum integer k in such a way that G has a totally irregular total k-labeling is mentioned as total irregularity strength of G,
denoted by #s(G). We investigate the total irregularity strength of the caterpillars that have an even number of internal vertices with

degree three. The results are as follows: ts(S,,3,3,...,3,5,) = w and 15(S;-1,3,3,...,3,50) = W for even
N—— N——

number ¢. 4 !

INTRODUCTION

The concept of graph labeling had been developed rapidly. Many results have been found related to various types of
labelings [5]. "A mapping from a set of elements (vertex, edge or both of them) of G(V,E) into a set of integers is
named as labeling. When the domain is V U E, the mapping is mentioned as a total labeling" [13].

Let f be a total labeling. The weights of a vertex or an edge are as follows: wr(u) = f(u) +Y,eg f(uv) and
wt(xy) = f(x) 4+ f(y) + f(xy). The concepts of edge (vertex) irregular total labelings were initiated by Baca er al.
[4]: "a total k-labeling f: VUE — {1,2,...,k} is defined to be an edge irregular total k-labeling of G if every two
different edges e, e, € E have the weights wt (e ) # wr(ez) and to be a vertex irregular total k-labeling if for every two
distinct vertices u and v have weights wt(u) # wt(v). The minimum number & for which G has an edge irregular total
k-labeling is called the total edge irregularity strength of G, tes(G). Analogously, the total vertex irregularity strength
of G is the minimum k for which G has a vertex irregular total k-labeling" [4]. Moreover, "f is a totally irregular
total k-labeling of G if the weights of any two distinct vertices are distinct and any two different edges have different
weights. The total irregularity strength of G, 7s(G), is the minimum number k for which G has a totally irregular total
k-labeling" [14].

Baca et al. gave the bounds for tvs of any graph which contains p vertices, has minimum degree 6 and maximum
degree A [4]:

p+96
— < < — .
{AJFI-‘_IVS(G)_]J—&-A 20+1

The bounds was updated by Anholcer et al. [3] in the following way:
tvs(G) <3 [g—‘ +1.

Nurdin [17] provided the tvs of any tree which has n pendant vertices and there are no 2—degree vertices:

n+l—‘

vs(T) = [ : )
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Further, Nurdin [17] provided the tvs of a Caterpillar 7, ,, which contains n pendant vertices and there are m vertices

on the main path, i.e.: tvs(Tmm) = ["TH] . Ivanco and Jendrol et al. [12] proposed the exact value of tes of a tree 7" as
follows:

E(T)|+2 A(T)+1
tes(T) = max E(T)|+ , (T)+ . 2)
3 2
Meanwhile, Marzuki, et al. [14] observed the ts of any graph in the following
ts(G) > max of {tes(G),tvs(G)}. 3)

Many results related to exact values of tvs, tes, and ts of any graph classes have been found. Readers may refer
to [1,5,6,7,8,9, 10, 11, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25]. "A caterpillar is a tree in which all the vertices
are within distance 1 of a central path" [16]. It is also a chain graph, that is "a graph consisting of r blocks, i.e.,
Bi1,B>,...,B, in which for each index i, B; and B;;| have a unique cut vertex in such a way that the block cut vertex
graph is a path" [2]. The chain of length r is notated by C[B;,B,...,B;|. The caterpillars having ¢ internal vertices
with degree three Sn‘3’ 3,...,3, can also be called as the star chain graphs C[B;,Ba,...,B,| where B; = B, = S,, and

——

B,=B3=...=B,_ =§4.
An open problem of determining the ts of caterpillars S, 33 .3, for z-times of 3’s was stated in [11]. To solve the
problem, we investigate the ts of caterpillars Sn~3’ 3,....3n and caterpillars Sm’3’ 3, 3m-1 where 7 is even.
——

t t

MAIN RESULTS

The results of ts of caterpillars having an even number of internal vertices of degree three are presented in this section.

Ts of caterpillars S, 3 3 3,
19~y »=)

t

A caterpillar §, 3 3 3, is a graph that is created from a double-star S, , by subdividing the bridge which connects
——

t
the centers of two stars such that there are ¢ inserted vertices with degree three. The inserted vertex is also mentioned
as an internal vertex [11]. We assume that ¢ is an even number. The vertex set is

V={uwll <i<n}u{vj1 <i<n}U{xli=1,2,...,0}U{xlli=1,2,...,t}.
Meanwhile, the edge set is

E={uu,|l <i<n—1}U{vw,[1 <i<n—1}U{xixip1|i=1,2,...,t =1} U{xxl|i = 1,2, ...t} U {wpxs YU {vyx, }.

An illustration of the caterpillar is given in Figure 1.
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FIGURE 1. The caterpillar S, 3 3

1y

3

t

Theorem 1 Let t be an even number. Given the caterpillars S, 3 3 3, where
———

t

T+52, ift=4 mod6,4<t<16,
7+58, ift=0 mod6,6<r<18, @
T )7+52%, ift=2 mod6,8 <t <20,

1+l ift>22.

Then, the ts of the caterpillars is as follows:

2n+(t—1)
15(5,3.3,....3,) = [2 W :
——

I3

Proof. The graphs S, 3,3,....3n consist of 2n+ 2t vertices and 2(n+1) — 1 edges. According to (1):

t

Z(n—l)—l—(t—&—l)“ _ [2n+(t—1)_‘.

1vs(S,3.3 ... 3. = [ 3 >
———

t

Meanwhile, the tes can be obtained through (2) as follows:

2n+2r+1 n+1 2n+2t+1
tes(S,3,3,...,3,) = max 3 N2 T 3
-

t

Based on observation from Marzuki et al. [14], we have the lower bound:

2n+(r—1)
15(5,3,3,...,3,) = max{tvs(S, 3 3 3,).0es(5,33 . 3,)}= [W
——— ——— ———

2

t t t

for even number ¢ which satisfies (4).
Letk = {Wl . Next, we prove that k is the upper bound. To achieve this goal, we construct a total labeling ¢

from each vertex and edge v,e € VUE to {1,2,...,k} in the following tables.
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TABLE 1. Label of each vertex in the caterpillars

v o(v) cases for
U; 1 1<i<n
Vi (2'” 1<i<n-—-1
Vn 1
X [2’”(2’ 1} 1<i<t
X; F"Jrz[ 1) +(i—1) i=1,2,...,t
TABLE II. Label of each edge in the caterpillars
% o(e) cases for i
Uity i 1<i<n-—1
Vivp i+2 1<i<n-—-1
X [w—‘+(i7t) 1<i<t
XiXit] W 1<i<t—1
2 -1

Unx1 [% —1

2 —1
VnXt [w-‘ - (t - 1)

According to the above labels, we evaluate the weights of elements v,e € VUE to {1,2,...,

TABLE III. Weights of all vertices in S, 3 3,....3n

k} as follows:

N——
v wit(v) cases for i
u; i+1 1<i<n-—1
2 (=1

” "n +;1J£(t )—‘
Vi i+n 1<i<n-—1
v n2+5n7(l+l)-‘
n 2

2, —1
X1 4 [ 2t >W+172z

2n4(1—1
P 4]l W—(r—l)
N 4 2n+(21‘*1) +2(i—l‘) 2<i<t—1
X, 2[2”“2’*1) +(i—1) i=1,2,...1

020024-4



TABLE IV. Weights of all edges in S, 3.3,....3n
e wi(e) Cases for i
Uiy, i+2 1<i<n-—-1
Yivn i+ [P g 1<i<n-1
xix, 3| 2D o) 1<i<t
Xiit1 3[%%(2#2&1) =121
) z[w +(1-1)
VnXt 2[% —t+2.

We observe that vertex-labels and edge-labels are at most [W . Further, all edges have distinct weights and

also no vertices have a same weight under the the labeling ¢. It shows that

2n+(t—1)
15(5,3.3,....3,) = {2 l :
——

t

Example 1 Figure 2 demonstrates totally irregular 12-total labeling of Sy 3 3 3 o. The red color numbers indicate
——

6
the weights of vertices or edges. Whereas, the numbers with black colors show the labels of vertices or edges.

FIGURE 2. The figure that indicates 7s(S, 33,....3 9) =12.
—_———

6

Ts of caterpillars S, 3,3,...,3m

P

t
Let 7 be an even number. The caterpillars S,,_, 3 3 3, are formed from double stars S, ,, by subdividing the

t
bridge which is connected the stars S,,—; and S, such that there are ¢ inserted internal vertices of degree three. The
vertex set is

V={uwl <i<m}U{1<i<m—-1}U{x[1 <i<t}U{x[1 <i<t}
and the edge set is

E = {uju,|1 <i<m—1}U {1l <i<m—2}U{xixi |1 <i<t— 130 {xd |1 <i <t} U {umxs JU{vm—1x}.
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Theorem 2 Let S, |3 3 . 3, bethe caterpillars where
N——

t

8, if t=4,6,
m><t+1, if 8<t<14, ®))
544, ift>16.

Then, tS(Sm71,3,3,...,37m) = ’VW—‘ .
———

t

Proof. The caterpillars S, , 3.3,....3m consist of 2m + 2t — 1 vertices and 2m + 2t — 2 edges. According to (1):
————

t

lVS(Sn171737 3,..., 3,m) = ’V
———

t

2m+§—2ﬂ_

Meanwhile, the tes can be obtained through (2) as follows:

2m+2t7 [m+1 2m+2t+1
tes(Sm71"3737m,37m) = max 3 ) | 3|
~——

t

According to evaluation from Marzuki et al. [14], we get the lower bound:

15(8,-13,3,...,3m) = {
—_———

t

2m+g—mw

for the value ¢ which satisfies (5). Let k = [M-‘ . Further, we verify that k is the upper bound. To realize, we

construct a total labeling ¢ from the union of V and E into {1,2,...,k} in tables below.

TABLE V. Label of all vertices in the caterpillars.

S o(v) cases for i
" 1 1<i<m
» "2m+§t72)-‘7(%+1) 1<i<m-2
Vm—1 1

x§ [2m+§172)—‘ 1<i<t
N [2m+§’72>1+(i7t) i=1,2,...,t.
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TABLE VI. Label of all edges in the caterpillars.

e o(e) cases for i
Uil i 1<i<m-—1
ViVin—1 i+2 1<i<m-2
x,'x§ M +(i—1) 1<i<t
XiXi+1 w 1<i<tr—1
U1 2m+(1—2)

2
Vin—1Xt ’VW *(1‘73).

In pursuance of the above labeling, we calculate the weights of each vertex and each edge v,e € VUE as in Table
VII and Table VIII.

TABLE VII. Vertex-weights.

v wit(v) cases for i

u; i+1 1<i<m-—1

i ’Vm2+2m+z-‘

Vi i+m 1<i<m-2
2 3

Vo1 [m +§m t—‘

X1 dm—2

Xy dm—+1r—1

Xi 4m+2i—4 2<i<t—1

X! 2m+i—2 1<i<t

TABLE VIII. Weights of edges.

e wi(e) Cases for i
Uil i+2 1<i<m—1
ViVim—1 m+i+1 1<i<m-2
xix, 3m+2i—(5+3) 1<i<t
XiXiq] 3m+2i7(%+2) 1<i<r—1
UmX] 2m
Vin—1X¢ 2m—+1 t=4
2m+2 t>6.

It is clear that the elements of the caterpillars have labels which are at most [W—‘ and no elements have the

same weight under the the labeling ¢. It proves

2m+ (1 —2)
15(8,-13,3,...,3m) = {2 w :
—_———

t

Example 2 Figure 3 illustrates the value ts(S, 3,3,...,3 10) = 13.
————

8
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CONCLUSION

In this paper, we have proved the ts of caterpillars that have an even number of internal vertices of degree 3. We got

the results: ts(Sn.3’3’ o 3a)= [w—‘ and ts(Sm_L3’3’ 3= [W-‘ . The labels of vertices and edges
: :

t t
of the caterpillars under the totally irregular total k-labelings were constructed in the theorems.
In upcoming research, we are interested to investigate: ts of caterpillars that have an odd number of internal vertices
of degree three and ts of the caterpillars having odd (even) number of internal vertices of degree g > 4.
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