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Abstract
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1. Introduction

We consider a graph G(V,E) where V =V(G) is a vertex set and
E=E(G) is an edge set. Suppose that graph G is simple, finite, and also
undirected. A mapping 4 from VUE into a set {1, 2, ..., k} is called a
total k-labeling of G [9,13,17,18]. The function 4 is mentioned as an edge
irregular total k-labeling if the edge-weights wt, (pg)= wt, (rs) for all
distinct edges pg#=rse E with wt (pg)=A(p)+A(pqg)+A(g). A total edge
irregularity strength of G, tes (G), is a minimum number k so that there is
an edge irregular total k-labeling of G. The bounds for tes of any graph are
as follows [4]:

F‘i’ﬂ < tes(G) <[E|. 1)

Some results of tes of various graph classes have been invented,
such asin [1,3,5,7,10,11], etc. The readers may refer to [5] and [7] for more
results on tes of any graphs.

The notion of cactus graph and several results related to the cactus
can be seen in [2,6,8,12,19,20], etc. Some inventions of tes of cactus chains
have been proposed in [14,15,16]. In this paper, we investigate tes of
general uniform cactus chains C (C!*) having (1 — 2)r pendant vertices
and length r.

2. Main Result and Discussion

In this paper, we present definition and formula for tes of general
uniform cactus chain graphs C.(C,

2.1 General uniform cactus chain graphs with pendant vertices

The concept of cactus graph can be found in [6,12]. Meanwhile, the
general uniform cactus chain graphs are defined as follows. “An n-uniform
cactus graph is a cactus graph in which each block is a cycle with the same
size nn for any positive integer n. If each cycle of the n -uniform cactus has at
most two cut-vertices and each cut-vertex is shared by exactly two cycles,
then it is called an n -uniform cactus chain graph. The number of cycles
indicates the length of the cactus chain graph” [15]. Furthermore, the
general uniform cactus chain graphs with length r, C (C'?), are defined
as the n-uniform cactus chains having r blocks where each block is in form
of a cycle C connected with 1 - 2 pendant vertices. The vertices and edges
of C,(C'?) are as follows:
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vi=1,2,3,...,r, whereris the length of the chain graphs (the number
of blocks in the chain) and the indexes p and g are defined as:

=2 J n-2
2 2’
p= and g= .
”V"_z . misodd “EJ, i is odd
2 2

1 is even

L, Hiseven

2.2 Tes of general uniform cactus chain graphs with pendant vertices

We prove the tes of general uniform cactus chains in this section.

Theorem 2.2.1 : Let C,(C'?) be general uniform cactus chain graphs having

(n—2)r pendant vertices, n =6, and the length r=2. Then, the tes is
fes(C,(C) ) = |22, @

Proof : Let b;. and C;]. be vertices of the general uniform cactus
chains with degree 1 for i=1,2,...,r. The indexes of j and [ are

(n-2),
2

(n—-2)

i=12,..., 1=1,2,..., for even number n.  Further,

j= 1,2,__.;[(";2]'—‘; = l,Z,...{%J for odd number n. Meanwhile, b, ¢, are

s Dy
the vertices of degree 3. Further, vertices a,a, have degree 2; and a,,

have degree 4 for i=1,2,...,r-1.
Based on lower bound (1), we have

EC (G2
3

_ [2(n—2}r+2—‘

tes(C,(C"2)) = [ :

We verify the upper bound through 3 cases.

Casel: n=1mod3, nz=7.

In the first case, we give labels to vertices and edges as follows:
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Wk f(b) -—I(Zn— yi—(2n-5),i=1,2,.

f(bJ.].):%{(Err—Hr [2n~( 5+3;+3LM},; 1mod3, j=2 mod 3,2<j=t-1

where i=1,2,...,F; t=[%l if nis odd and t=$ if n is even

f( )= ?I(Zr:—Z):—(21:—(2+4;))|,;_{J mod 3,3<j<t-1,i=1,2,.

fb,)= %I(Zn—.’l}tl nisevenorodd, i=1,2,.

f ( ﬂJ'+

)= [‘*"j“ﬂ;f(bu') - l{(zn—z)r—[zn—g]},f —1,2,..,r

fb))= %{(h—z)a |:2n—{2+3;+3{ Jm j=l1mod 3,4<j<t-1
fb.)= 1—'(2;:—2); 20 5+3j+3 L | ,j=2mod 3,2<j<t-1

ji 3] —t ! J |
f(bﬂ') = %{(21:—2):’—[21:—(2+4j)]}, j=0mod 3,3<j<t-1,i=12,..,r
f(b“.'): %{(ZH— 2)i} (nisodd); f(b, )——{(ZH—Z)I} 1(n iseven)
f(r:ﬂ)= %I(2u—2):'—[2u—(5+4j)]|, j=0mod 3,3<j<g-1,i=1,2,...,r
where = { > J ifnis odd and g =— 2 if 1t is even.
f(cp.) %{(2.; 2}r—[2n—| 5+a;+a{ J]:H,fE] mod 3,1<j<qg-1,i=1,2,...,r
f(cﬂ) %{(2.; 2}r—[2n—| 5+3;+3{ M}, j=2mod 3,2<j<qg-1,i=12,..,r

f(cq].) = il(Zn —2)i}, nisevenorodd, i=1,2,...,r

f(cJ.J.’):%{ 2rr—2)r—[2rr l5+3;+3{ JJ“ j=1mod 3,j=2mod3,1< <1
f(r:ﬂ')=l|(2n—2)f—(2n—(5+4j))|, j=0mod 3,3<j<g-1

flc o )-—I(Zn— 2)i} -1, n is odd; f(c

F 80,0 =

=%|(2n —2)i}, n iseven

;1(2:1 2)i—[2n- (5+4;)]} i=0mod 3,3<j<t-1,i=1,2,...
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Flab,) =212 -@n-5)\f(b,a,) = Z=22| yisevenorodd,
i=1,2,...,r

fbb,")= 1{(2;: 2};—{2;1—| 2+3;+3{ J
i=1,2,...,r

h; 1mod 3; j=2mod 3;1<j<t-1,

f(bn.bﬂ.')=l!(ZJI—Z)I‘—[2!1—(2+4}')]LfEU mod 3;3<j<t-1,i=12,..r

f(b.b '}-—{(Zﬁ 2)i{(n isodd); f(b.b '}-—{(Zﬁ 2)i}—1(niseven),i=1,2,.

HH HH

f(aich)——{(ZH 2)i—(2n-8)),i=1,2,...,r; f(c a )= 21 2}’ (n is odd or even)

qi i+l

flec,m) «Ilzn 2)i- [2n~| 5+1;+1{ M} j=l1mod 3; j=2mod 3;1<j<qg-1,

flegciy) =?{(2n—2)i —[2n—-(8+4/)]}, j=0mod 3;3<j<q-1,i=12,..,r
fle,c,)=5{@n-2)i} ~1(nisodd); f(c,c ) =5{(2n—2)i)(n is even).
Case 2: For n=5modé and n =11.

This case is divided into three subcases as follows.

Subcase 2.1 : For length i=1mod 3.
In this subcase, we provide labels of vertices and edges below.

@)= l(2n-2)i-@2n-5); f(a,,)= (2"‘;-’*ﬂ,- fb,) = 51(2n-2)i-(2n-5))

{;m-z)f [ «(5+3;+3LM1, j=1mod 3,j=2 mod 3, 2<}\{n zw

J

fb,)= ;{(Zn—Z)r [2n-(2+4)]|, j=0 mod 3;3< ;<[" 2},

.ll

f(b,") =%{ (2n-2)r—[2n-8]},
f(b;':")=%{(2"‘2“—[2"{2+31+3{ M j=1mod 3; 4<}<{” 2}}

{ (2n-2)i- { L5+3;+3{ JJ“,; =2 mod 3,
=5

(2n—2)i —[2n —(2+4;)]}, j=0 mod 3,

uJ|>—'

=
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fle,)=

%{(2” 2)i—[2n— (5+4})]} i=0 mod 3; 3*:}{{"‘2}

(2n-2)i— { [5+3;‘+3HM;\, j=2mod 3;2< ;‘S{%J
f(CJ.;)=%{(2n—2}f [2 \5+3;+3{ M] j=1mod 3,j=2mod 3, ]<;<[” 2J
fle,)= {(Zn 2)i—(2n— (5+4}))} j=0 mod 3; 3<;<:{"_2J,
flab,)=x{@2n-2)i-@n-5)}; f(bb,)=5{@n—2)i-(2n-11)},

r

f u+1n %«{ 2n-2)i [ \5+3;+3{ H ,f=1mod 3; 45;‘5{%21—1
i

fb,b..0) ]2!1—2}? |:2n—t5+3;+3{ mii j=2mod 3;2<j< {n 2] 1

fO,b0) =220 -2)i~[2n-(5+4))]}, j=0 mod 3;3< j <[" ﬂ 1

_(2n-2)i+1 | _ (2n-2)i+1
f[b::x_l::].ﬂnl] - g ’f C: |n-2| dﬂf+1 - 3 !
1 ] S

=

f(b,b)= l-!l'(zn “2)i- [EFJ{ZHJHHJHE’} 1mod 3, j=2 mod 3, 1<;<{"‘2-|

! 31

fbb)=5 {(2:: 2)i —[2n - (2+4;)]} j=0 mod 3;35;‘4”2;2},
flae,)={@n-2)i—(2n-8)}

fle,€y) ?Ji 20- 2}r—|:2r!—| 5+3j+'>" M]} j=1mod3, j=2 mod 3, 1<I<[r!—2J -1

f(cn.c”m]_)=3{(2n—2)1‘—[211—(8+4j)]} j=0 mod 3;3 <}<{” ZJ 1

f(cjc V== «':2r1 2)i [2.1—| 5+1;+%{ JJL j=1mod 3, j=2 mod 3, 1<;<{" 2J

fe,e,)=5{(2n-2)i~@n-@2+4/)}, j=0 mod 3;3<<|~2|
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Subcase 2.2 : For length i =2mod 3.
We construct labels of elements of C (C”'z) as follows:

fa)=%{(2n-2)i-@n-6)}; f(a,,) = {_2" 2“?]

—

b, =%{ 2n_2)r—|:2n—{2+3j+3{ m ,j=1mod 3,1<j< {%w
lz

‘l ”‘2]”‘{2”—| 5”}”{ m]l,} =2mod 3,2<j< {" 2-‘

—_

b,)
b,)=+{@n-2)i-[2n-@+4))]},j=0 mod 3,35;5{%2}

b, _%{ 2n=2)i— [mﬂzu;n{ JJ“ j=1mod 3; j=2 mod 3; I{I{P_ﬂ

fb,)=11@n-2)i~[2n-Q2+4})]},j=0 mod 3;3< ;<[~ 2]
fle,)=5{@n—2)i-[2n—(5+4/)]},j=0 mod 3; 3<;<{” 2J
[(

fle,) =+ 5 on-2) [2"—| 5”1”{ Mi‘,} =1mod 3,j=2mod 3,1<j <{"“2J

ks |

1
3

fle, ) =5@n-2)i- |:2rr—| 5+3;+3{ M} j=1mod 3,j=2mod 3,1 <;¢{ J
fle,)=

[
%{(2?1 2)i—(2n— (2+4}))},}‘E{}m0d3;3 <j< ["T“ZJ

3

flab,)=={(2n-2)i-(2n-3 )I,f[ b8 ] = {M1

fbb .= ;{(Eh: 2)i- [2.:—| 5+3;+3{ m =1 mod 3;
j=2mod 3 1<;<[" 21 1
fO,b0) = 2421 —2)i ~[20—(5+ 4))]}, j =0 mod3; 3 <;a{” ﬂ 1

f(bj.l.bj.]')-—«{(zn—zh |:2n—| 2+3;+3{ M} j=2mod3,j=1mod 3;1<j< [” 2]

f(b“.b”r)_ [(2n-2)i-[2n—(4j-1)]}, j=0 mod3; 3<}<P: 2]
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3

flac,)= I(Z!I 2y —(2n- 6)I,f[ (] .::J_H]:[w-‘

f(cﬂc”m.)=%|(2n—2)i—[2n—(5+3;‘+3[;‘fﬂ)]|,js] mod 3;j=2 mod 3,
1< j<[(n-2)2]-1

£(€,6 ) =5 (@n=2)i=[2n-(5+4))]},j =0 mod 3;3< j <| 2|1

A

c.c.) —%1 2n—2}f[ {2+3;+3{ M ;E]mudS;lg;‘ﬂ”sz
f(f,-,-f,-j-')——{(br 2]f—[2n~l 5+3;+3{ Jm j=2mod 3; Zﬂ;q”‘zJ

flc i )-—I(Zu 2)i-(2n—-(2+4/))), j=0mod 3; 3<;<{”_J

Subcase 2.3 : For length i =0 mod 3.
We define labels of vertices and edges as shown below.

fla .)-—{(Zu 2)i-@n-4)}; f@,,) [ww

1, )'T{ (2n-2)~ [2" {4”1”{ M} j=1mod 3;j=2 mod 3; 1< <[ 2|
f(b,)=312n-2)i~[2n~(4+4))]},j =0 mod 3; 15;5[&]
0= {102 115
f®,)=112n-2)i-[2n-(1+4/)]},j=0 mod 3; 3 < j < [?21

fle,)=3 @n—2)i—[2n—(4+4/)]), j=0mod 3; 3<j< {EJ

fle,)= %{(Zn—ﬂr [2.; l-1+3;+3{ M} j=lmod 3;j=2mod 3,1<j 4{”_ J
(2.:—2):—[2n (4+3;+3{ M},; 1mod 3;1<j< {TzJ
2

l
3

ﬂcﬂ") ?{(2”‘2" [2”‘(“3}”{ M} j=2 mod 3; 2<;~<{”‘2J
=31

(2n— 2):—(21:—(4+4;)) ,j=0 mod 3; 3<;<l%2J
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fb,b) =5 {(2n-2)i~[2n—(4+4))]},j=0 mod 3; 3<}<~["ﬂ 1

f(f?ll.jb“.ﬂ:u.)—%{ 20— 2}:—[2n—| 4+3;+3[ H} j=1mod3,j=2 mod 3. 1{}{{" ﬂ 1

flab )= 1(21: —-2)i—(2n —4)};f[ A ] _ [(2n—2}r'+2 w

N
lj] ]
l
(

b.b/) % (2n-2)i [ *t**”:”{ JJH} 2 mod 3; 2<;<{” 21

(2n-2)i [2.; (1+3;+3HJ\J] j=1mod 3; 15;‘5{¥1

f(b]b )— {(2n-2)i—-[2n-(1+4/)]},j=0 mod 3; 3<;<[" 1

f(ﬂj.ch.)=%{(2n—2}i—(2n_ )Lf[ el J_H]:(Z,,S_z)r-

=

fle6 ) (2n- 2}?—[2n~l4+3j+3 } ,j=1mod 3;]5;‘<[”T'2J—1

1
Il
fle ji u+1n) - _'{

2n—2}f’—|:2r:r 7+3;+3 l =2 mod 3;1 <j< {r:r 2J 1

F(€,60) = (21 =2)i~[20~(7 + 4)]}, j=0mod 3;3<j < {EJ -1

Ji g

fle,c, "= «i(zn 2)i- [2.: t4+3;+3{ m f=1mod 3; j=2mod 3,157 {{n 2J
fle,e,)=2{@n-2)i-(2n-(4+4)))}, j=0 mod 3; 3<;<[” 2J
Case 3: For n=3 modé6 and n =9.

We deal with three subcases.

Subcase 3.1: For n=3 mod6 and length i =1 mod3.
In this subcase, we define labels for elements of C,.(C'™) as follows.

f(a)=5{(2n-2)i-@n-5)); f(b,)=5{(2n-2)i-(2n-5))

f(b”:%«{(zn 2)i [2.; {5+3;+3{ Ml j=l1mod 3;j=2mod 3;1<j< [” ‘ﬂ

)

f(b,)=21@n-2)i ~[20-@+4))]}, /=0 mod 3;35;5[#]
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) =[(2"—2"’+21 ; f0,)=1{@n-2r~[2n-8])

3

v 1
fb,)=1

k
1{(

e [2"—{2+3J+3HM} j=1mod 3; 45;‘5{%-‘

fb,) =3 {(2n-23i- [2'“\5”1”{ M}; j=2mod 3,2<j< {” 2]
£, =3 {(2n-2)i~[2n-(2+ 4]}, =0 mod 3; 3< <[ 2]

fle,)=2l@n-2)i~[2n~(5+4))]},3< j < {%J,;Eu mod 3

fle;)= {2" 2 [ [5+3J'+3Hm ,j=1mod 3;1< ;g{%—zj
fle,)= 1{(2r: -2)i [2.: (SHIHHMI j=2 mod 3; 2{}{ln 2J

flab,)= —{(211 -2)i—(2n —5)}; fb,b,)== I(Zn —-2)i—(2n—-11))

1

fob, .\, =5 @n-2)i- 2.:—(5+3;+3 } ,j=1mod 3; 4<}5{ —2"

2

o]
3]
f(b.b [22 =2 mod 3;2<j<| 2|1
i [J+111 1 n—2)i—| 2n— 5+3;+3 )‘ mo }
flb,b,.0) = +@n-2)i~[2n ~(5+4))]},j=0 mod 3;3< /< [ﬁ]—l
' l n—2
f(b,b.) == 2n-2)i-| 2n- {2+3;+3{ JJ i ,fj=1mod 3; j=2mod 3; 1< <

(b..b“)- (2n-2)i —[2n— (2+4;)] ,j=0 mod 3; 3<;<[I‘2-|

3

1]
Bl
g
[bliﬂi:fﬂm } [WL f[cl:u;:,-ﬂm } ) {WL

flae,)=

f
f

{(211 2% —(2n— 8)}

| =

I(C,.'Jq,mh} %{tlu 2}r—{2n~| 5+3;+3{ NM} j= =1 mod 3, j= =7 mod 3. 1<}<P:—2] 1

f(cﬂcum_)=%|(2u—2)1'—[2ﬂ—(3+4}')]|;}'E{} mod 3;3<] <[%J_l
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fle,e, )-—{ 2n- 2);—[2r1—t5+3;+3{ M‘l j=1mod 3; j=2 mod 3 1<;<:l" EJ
fle,e,) = 2(2n-2)i~@n-@+4)))}, j=0 mod 3;3< < {;J

Subcase 3.2: For n =3mod6 and length i =2mod3.
All elements of C (C %) are labeled as in Subcase 2.3, except for
labels of the following edgess

(Zn-2)i+1 (2n-2)i +1
f n-2 _ﬂJ'+'l =, —— an d f n-2 D
[H } 3 M ] 3

Subcase 3.3 : For n=3 modé and length i =0 mod3.
In this case, we assign labels for each v,e € V(C,(C' *))UE(C,(C'?))
in the f:;llnwing way.

f(a)-—l(Zn 2)i—(2n-6)); f(a,,) Pr ;uﬂ

{2n—2}r’ [ ~t3+3;+3{ M} j=1mod 3; 1< *{" 2}
b.) {2n -2)i [2.:—[6+3;+3{ M} j=2mod 3;2<j< [";ﬂ

f(b,)=~1@n—2)i~[2n-(3+4))]}, j=0 mod 3;3< < [ﬂ1

wi| =

|II

oo 4 1 md 2 1

I’

f(b,)=21@n-2)i~[2n-(3+4)]},j=0 mod 3; 35 < [’%ﬂ

f(c.].)=l|(2n—2)i—[2n—(6+4j)]l, =0 mod 3; 3<;SV zJ
;) ’{2n—2}r |:2n~l‘6+3;+3{ m ,j=1mod 3; j=2 mod 3,1<j< {nzzJ
Sl e 115

fle,")=51(2n=2)i-(2n-(3+4)}, j=0 mod 3; 3{}{[" 2J

1
3

flab,) =3|(2n—2)i—(2n -3)
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_[en-2)i+2]. _ (2n-2)i
f[th”! o ] [l s [cﬁﬂ:sf“f” ] B

i
Fbba) ][2"'2“ [ LM;HHJH, j=1mod 3; j=2 mod 3,
n-2
1<js|2 |
f(b b[,+1,,) I(Zn— Ji—[2n—-(6+4j)]), j=0 mod 3;3<j <[n z" 1

fb.b, )__lzn 2)i {2n~|3+3;+3{ M; j=1mod 3; j=2 mod 3; 1< j<|2=

fbb)= I(Zu— Ji—[2n—4j]), j=0 mod 3;3<j {{221;

flac,)= %I(Zu—Z)r —(21-6))
fe,€ %{(n 2)r—[2n~lé+a;+aLmll, j=1mod 3; j=2 mod 3,
<

flc,€,) =512 =2)i=[2n-(6+4))]},j=0 mod 3;3< “[?J—l

)=
1

1M

f(cﬂcﬂ')=%|(2n—2}i—(211—(3+4j))l, j=0 mod 3;3< j< {’iJ

A

fleye =3 av]anfosrf ]| 121 mod 3115 2[22]

f(cﬂcﬂ') ;{ 0-2) [ {MMHEM}I j=2mod 3;1=< jgl”T_zJ

In Case 1, 2, and 3 (for all subcases), it is shown that labels of all

{ (2n-2)r+2
3

elements of CJ,(CJ’:Q) are not more than k = . Further, we show

that the weights wt(e) = wt(e") whenever e = ¢":

wt(ab )= (2”_2):._'2”_SI;w{bw_ﬂ\llamll =(2n-2)i+2, rv{c|,r_2J\| H[MJJ
= |) =

(j+1)1

=@n-2)i+1, whb b, ) =(2n-2)i-(2n—(5+4),1< j< {"ﬂ 1,
whac )=(2n-2)-|2n-7},wt(b p J)=(2n— Ji—{2n—-(2+ 4/}

FR ¥

JEf+L

wh(c,c,) =(2n—2)i—{2n— (4 +4))}, 1< < {” 2Jwr( =
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(2n-2)i—{2n—(7+4j)},1<j< l"zzJ 1;

It is obvious that fis an edge irregular total k-labeling on the general

cactus chain graphs. This concludes tes(C (C ) =

(2n—2]u+2)"
3

Case4:For n=0 mod6, n=2mod6, and n=6.

This case is divided into three subcases as follows.

Subcase 4.1 : For length i =1 mod3.

In this case, labels for x,e e Tv"(CJ_(C:'2 N E(CJ_(C:;'z )) are given below.

fla)=1(2n-2)i-@n-5); f@a) =[ =22 fb,,) = {2n-2)i~(2n-5));

%|(2u—2):'—[2u—(5+3j)]|, j=2,3
fo,)=1,]

E](zn—zlr'—[zn{ 243 ;+3Hm‘l 4<j< ";2

%I(2n—2}i—(2n—8)| j=12,

fb,)=451@n—2)i-@n—(5+3f))} j=3,4,

1 . : ;
1@2n-2)i-(2n-(8+3f))} j=5

f(b“ )= {(Zn— 2)i—(2n—(2+4)),j=

f(bn") {(2”‘2)f {2"-[ 2+3,r+3Hm‘l j=2mod 3, 8<j< —2

fe)= {2" 21~ {2"*[2+31+3EJJ]}J=] mod 3, 7<j< "2

fle,)=3{2n-2)i~[2n-(5+3))]}, j=1,2;

f(CJ.].')=%‘{(2n—2)r {m-{ 5+a;+a{ JJ]‘[,S 5;572
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%I(ZJ:—Z):’—(ZH—B)I j=1
r i T H—

F@n-2)i-[2n-(G+4)]) j=0 mod3, 3<j< =
1
3|
f(bz,-“;_l ] = [w-‘ -1; f(‘c%_:,-“;_l ] _ |'(2II—§H+2-‘ _1;

2

{ ]
20-2)i~| 201 5+3 j+3 %JJ j=1mod3, 4<j< ?

L
e —

flab,)==(2n-2)i-(@2n-5)

flae,)=51@n-2)i-(2n-8)); f(b,b,")= 5 ((2n—2)i—(2n-5)}

1 . . .
3I(I»lu—:l):—(21:—(8+3Jr))| j=12
fee )= %I(Zn—Z)f—(Zn—(B+4j)}| j=0mod 3,3<j< ";2—1
SR Y f 1 j=1mod 3,j=2 mod 3,
1 (zn-z)f-[zn—t5+3;'+3[1m1 B
3| | al))| 4<j<i2o

f(cﬂcﬂ')=%{(2,1-215-[2n—(5+3;‘+3Em;\,;‘:1 mod 3, j=2 mod 3,15j<

n-2
2

2

f(cn.cﬂ.'):%{(21:—2)i—(21:—(2+4j))|,f:{J mod 3,3<j< ";
1 . . .
3{(2;:—2}:—(2;:—(8+3;}}}, j=12,34

j=2mod3,j25

L |
[——

%{(ZH—ZJF— 2n—|(5+3;'+3HU ,
bb = - “

Jio L)

%{(2::—2}:'—(2:—:—(5+4j}}}, j=0mod 3,j=6

%{(2n—2]r’—:2n—[{5+3,i"+3HJ]:}f j=1lmod3,j=7

H@n-2)i-@n—-(5+3/) j=2,3,

S@n-2)i—@n—@B+3) j=4,5
flbb)=1"

H=-2

$H@n—-2)i—(2n—(2+4)} j=0 mod 3,6< )<

li } [ a0 l . . ;- -2
Ei(zn—zh—[zn—l2+3;+3hJJL.l j=1mod 3,j=2 mod 3,7 < js=5-
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Subcase 4.2 : For length i=2 mod3.
We create labels for elements x e V(C,(C'%)) and ee E(C.(C'?*)) as

presented below.

%:(2::—2):'—(2::—4”, n=0 modé

f(ﬂ]_:l= 1
EI(ZJ:—Z):‘—(Z::—{S)L n=2 modé
l!(2n—2)r (-1+3 +3FT l 1<j7<™2 =0 mod 6
3| l ™3 J | J==3
fo0=1, | Tl
i
?i(2n—2]r—[2n—l3+3;+3h“]|, 1<j<—, n=2 mod 6
f(b..'):ll(zn—z].f [ r3+3;+3F-‘\}1 1<j<Z=,n=2 mod 6;
ji 3] L 3 Ji'
14(2n —2)i- [Zn |1+3;+;Fm=,, j=1mod 3,n=0 mod 6
' 3 31/])
f(b,ﬁ )= [ |
;-.:(2;1 2)i— [2n—| 4+3;+3HML‘- j=0mod 3,j=2 mod 3,7=0 mod 6

%{ 2n-2)i (Er:r [1+3;+3 % JJll, j=2mod 3,n=0 mod 6
fle,)= .
j {2,1 _2)i- {2n~[3+3]+3% JJ%, j=2mod 3,n=2 mod 6
%{(2n—2)r—[2n{4+3;’+3 % JJ}, j=1mod 3,n=0 mod 6
fle,)= e
j .{ 2n—2)r~t2n~l 3+3j+3 % JJ}, j=1mod 3,n=2 mod 6
fe) EI(ZJI— Ji—(2n—(4d+4/)), j=0mod 3,n=0 mod 6
C. )=
I

%I(ZJI—Z)I'—(ZII—(3+4f))|, j=0mod 3,n=2 mod 6
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flab, )= I(Zn—Z)i—(zn—'])l, n=0 mod 6;
f(ai.b“)=%|(2n—2}i—(2n—6)|,nEZmud 6
{2;;—2); (2r1 r:'+3;+3[ U] j=2 mod 3,n=0 mod 6
f(bn'bunn) |(2n—2: (2n—(7+4/)} j=0 mod 3,n=0 mod 6

\\'

i
{2rr—2)r—l2rr— 4+3;+3{ -UJ j=1mod 3,n=0 mod 6

%I(Zu—2):'—(21:—(6+4;‘))} j=0mod 3;n=2mod 6

l[ - r__"' ”_l{ : L—‘\\l fE]IT‘IOd 3,}'5211‘10:1 3;
3](2 2) lz Lﬁ+3;+3L JJ] PN

f(bjl'b[HIH) =
l(zn—;sz; f(c%_ﬂ,-ﬂ ] _ {(2.;—32);‘+2J

f(bi‘l-anl]
{(2n—2)i—(2n—(4+4}')}| j=0 mod3; n=0mod6
fob) =1

3
%{ 2n—2}f~l - (6+3;+3FJ j=2 mod 3,n=2 mod 6
{2n—2}r{2n lf3+3;+3\‘ J

|(2n—2)i—(2n—(3+4j))| j=0 mod 3,n=2 mod 6

[
J
flbb )= Il j=1mod 3,n=2 mod 6

flac,)= I(Zr:—Z):—(Zu— ), =0 mod 6;

flac, )= I(Z!I—Z)I—(Z!I— ), n=2 mod 6

[

i

fle,c )= {2n—2]r—{2n ﬁ+3;+3[ MJ ,j=1mod 3,j=2 mod 3

1<j< an J n=0 mod6

1)
6,6 ) =5 {2 {2r{o:3 4 JJJ}

J{CHC) =%|(2n —2)i —(2n—(6+4))), j =0 mod3; n=0 mod6

—] n=0 modé6
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f [J+1n {Zn ~2)i—] L QHJHLW ]‘l,; 1 mod3; n=2mod6

1! \l
flese u+nr)= ~1(2n- 2}r 2 |?+1;+1{ w Jj!-,; =2mod3, 2<j <| (n-2 1|n 2 mod6
3 \

—

‘|

f(CJ.].C“.H]].):%{(Zn 2)i- L 4+3;+3{ -‘ J S =

2—'l; n=2 mod6
f(cj.].c“m)=%|(2n—2)f—(2n—(7+ 4/))), =0 mod 3; n=2 modé
f(chch )= {(211—2)1—(211— ), n=2 mod 6;

' 1 .
fle,e, )= 3{(211—2)1—(211—4)}, n=0 mod 6

f(CJ.].cﬁ') _ 1_«!(2,1 2}r 2r1~t 3+3]+3HJ }!.-,} =1 mod 3,j=2 mod 3;n1=2 mod 6

3 )l

fle e )——{(21:—2):—(21:—4;)}, =0 mod 3,n=2 mod 6

fle i€ V= {2n 2)i |2n—| 4+3}+3{%J\]}’} =2mod 3; n=0 mod 6

-

f(C,-,.CJ.J.')= (2n 2)i— ( [1+3;+3{ JJJ} j=1lmod3; n=0mod6
)

{(211—2) —(2n—(1+4j )} j=0mod3; n=0mod6

| =

In Subcase 4.2 (i = 2 mod3), we verify the edge weights as follows:
wt(ab,)=(2n-2)i—{2n-7}, wr( a[HU] (2n-2)i+2,

wt(bj.].bum.) =(2n-2)i—{2n—(7 +4j)},

wt(b]b N=2n-2)i—{2n—(4+4j)},1<j<—

IUT(CJ.J.C[J.HJJ. =2n-2)i—{2n-(5+4j)),1<j=< -1;
wt(ac,)=(2n-2)i—{2n-5},

wh(c,c,) = (@n-2)i—{2n-(4+4)) 1< j< 2 2 wr( [HU]_ (2n-2)i+1,
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Subcase 4.3 : For length i =0 mod 3.
We assign labels for elements v,ee V(CJ_(C::'Z))U E(CJ_(C::_2 ) as
displayed below.

{(211' =2)i—-(2n—-4)} n=2 mod6

fa)=43
?{(Zn 2)i—(2n—-6)} n=0 modé
i{(:zn—:»'_)u—(:zn—e;)} j=1,2; 1=0 mod 6
b= \
f( u) llzn—z)r 2n l3+3;+3{ J J

=2 mod 6

f(b, )——{ 2n- 21”{2" laﬂjﬁ{ JJJI
f(b,-,-) —[ (21— 2)r+2"

=2 mod 6

fle,)=31(@2n-2)i-(2n-7)),n=2mod6; f(c,')=3{(2n-2)i-(2n-9)},
i =0modé

‘u

f( )——{ (2Zn—2)i- ‘2n—| 4+3;+3" -‘ J ,J=2mod3; 2<j< n;‘z—], n=2 modé

fle,)=5l(2n—2)i—(2n—(4+4))), j= "2 -1, n=2mod6

fe,)=Lanay 2rr—| 4+3;+3{ JJJ};; mod3; 4< j <221, n=2 mod6
l n—2
)i

-2
T_’ ——; n= 2 modé6

f(cp') {(M 2]r—{ 2n—| 4+3j+3’7 -‘ \J‘ i

' ( T j=1mod 3, j=2 mod 3;
llr(2|'1—2)r'—| 2n—r{3+3j+3{i—UJl ] mo +] mo
fle,)= 31 N 31))) it=0modé6
Ji
iI(Zn—I»l)i—(}'_'n—(3+4j))| j=0mod 3; n=0mod 6

=2 mod 6

%{(2:; 2]r— —| 3+3;+3F-U\J‘l j=1mod3, j=2mod3; n=0mod 6

?I(Zn—z)i—(ZH—(6+4j))| j=0mod3; n =0mod6
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fle,)= 2"_2]’, i ,in=0 mod 6; n=2 mod 6
%:(2:;-2);'—(2::—3” n=0 modé
f(ﬂ].b.“.) = '1 . B
EI(ZII—Z)I—(ZII—4)I n=2 modé6
foe)- $1@n-2)i-(2n-6)] n=0 mod6
ﬂich =

l|(2u—2)f—(2n ~7) n=2 modé

1 rJl j=1mod 3, j=2mod 3;
f(bn'b[!—ln) =13 JJI n=0mod 6
—I(Zn -2)i—(2n—(6+4j))) j=0mod 3; n=0 mod 6

il
{ (2n-2)i-
\

I =1 d3 i=2 43
%{ 2;:—2);—‘ 2n-|r-1+3;'+3H-UJl ] Tflﬂ , j=2mod 3;
f(b;'rbu-nr) Lo\ ; i n=2mod 6

?I(ZII—Z)I'—(ZII—(4+4}'))I j=0mod 3; n=2mod6

_ (2n-2)i v T L
f(b%_nj_l ] = ,f(cg_zj_rt]._l ] =——n =0 mod6; n=2 modb

Fey€ion _%{ 20— 2}r~t2n—lﬁ+3;+{ MJ} j=1mod3; j =2 mod3;
<

|.-"\

L";—IJ n=0 mod6

\

f(cj.].c“._m) 3 {(2.: 2 2n—| 6+3;+3{ J J e 2 —1; n=0 modé

F€,€ 1) =l|(2n—2)f—(2n—(6+4j))|, j=0mod3; n=0 modé6

il

fle,e ) %:{ 2n-2)i- L2n 4+3;+3{ -UJ},; 1mod 3; n=2mod 6
I
3

2<j< L%—l\J
f(cn.c[ J.er) = %{(2n—2}f—[2n—|:-;+3;‘+3HU\J}, j= ["2—2—1J n=2mod6

f(c,.,.c“._m)=%I(2n—2)f—(2n—(7+4;‘))I, j=0 mod 6,n1=2 mod 6
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fo,b))=5
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{(2n=2)i—(2n—3)},n =0 modé6;

fb,b,) = 5((2n—2)i—(@2n—4)},n =2mod6

{(2n—=2)i = (2n—(3+3/))}, j=2,3, n=0 mod6é

b )-—] (2n- 2}r 2rr— 3+3;+3{ J]‘l,; 1 mod 3,j=2 mod 3;

fb,b/)=

flb,b,))= 51

fbb)=

2\
4<j<| —J n=0 mod
o2

l{(z::—z):‘—(Zn—aLj)}, j=0 mod 3,n=0 mod 6

\
(20— 2}r 2rr 4+%;+3{ J J ,f=2mod 3,n=2 mod 6

A

(2n-2)i— l L1+3;'+3EJ\JJ}, j=1mod 3,n=2 mod 6

,__.._.-«.___. ,___._.n.___.

f(b]b )__{(21:—2)1—(211—(]+4;))} j=0mod 3,n=2 mod 6

f(clc )—

fle,e)=5

fle,c,)=

cc)

n

fle,c J_J_' )=

{(21:—2):—(211—(4+3;))},; 1,2;n=2 modé6

{(2n—2)i—(2n— (4 +4)))}, j= =2 modé

l(2n—2)1—(2n—(]+4;)}} ;_— H=2 modb

1] (21-2)i— 2n— 4+3;+3 1 ,i=1mod3,j=2 mod3,n=2 modé
] j= =

l

|
%{ ZrI—Z}f—I 2n-| 6+3;+3{ JJ]} j=2mod3,n=0 modé
{ Mll j=1mod 3,n=0 mod6

2n—2}r~| 20| a+a;+a{ J

;|(211—2)i—(2n—(3 +4/)} =0 mod 3,1 =0 modé

In Subcases 4.1 and 4.3 (i=1 mod3 and i =0 mod3), we observe the
weights of edges below:

wt(ab,)=(2n-2)i—{2n-5}, wt{ a[HU ] =(2n-2)i+1;

wt(a,c,)=(2n-2)i—{2n -7},
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wr(b.jb foa )=02n-2)i —{2n—(5+4jf)},
wr(c}]cmm

wr(b}.jb}.j =2n-2)i—{2n—(2+4j)},1=j=< .
rvr(c{%l]_am”] =(2n-2)i+2,

wh(c,c,')= (2n=2)i—{2n—(4+4))),1<j<"2

LA

)= (2n-2)i-(2n—(7+4j), 1< j <21

In Case 4 (all subcases), no edges have a same weight. In addition,

(21 -2)r+2)

3 -‘ Thus,

the vertex and edge labels are not more than k={

tes(C (C"2)) = [(2‘%] o

Example 2.2.1 : Figure 1 depicts a pattern to get tes(C,(C};)) = [%;ﬂ 33.

Further, Figure 2 shows a pattern to get tes(C,(C} ) = [120+2—‘ 41.

Fig. 2
Vertex and edge labels in C,(C;,) so that tes(C,(C},)) =41.




1356 I ROSYIDA, E. NINGRUM, MULYONO AND D. INDRIATI

3. Conclusions
We have verified that tes(C (C'?))= [(2"_%1 for n=6. The
formulas for labels of elements of the graph were presented in the theorem.

In upcoming research, we are interested to investigate tvs or tes of some
tadpole chain graphs.
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