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Abstract

We consider a cervical cancer model with a treatment focusing on the
precancerous cells. As one of the objectives of treatment is dealings
with recovery, in this paper, we give the sufficient conditions for the
disease free equilibrium to be globally asymptotically stable. These
conditions hopefully could guide us in the effort of healing. We
also give numerical simulation to illustrate the dynamic of recovery
process.
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1. Introduction

It is known that cervical cancer is one of the malignant diseases which
is caused by Human Papilloma Virus (HPV). It is the fourth most common
cause of cancer-related deaths in women [9] and getting worse if there is a
co-infection by HIV [7, 8].

The usual treatment be given to the patient is chemotherapy. The
standard chemo drugs often works against the cancer cells, but it can also
affect other cells in the body that divide quickly, which can sometimes lead
to serious side effects [10]. This problem makes the medical researchers tried
to see other possibilities treatment, such as targeted therapy. Many targeted
drugs go after the cancer cells’ inner working the programming that makes
them different from normal, healthy cells, while leaving most healthy cells
alone [10]. On other hand, the precancerous changes caused by HPV can be
detected by Pap tests and treated [3]. If left untreated, it may take 10 years or
more for precancerous condition of cervix to turn into cervical cancer, but
sometimes this happen in less time [6]. Furthermore, in [4], we learned that
the therapy should be focused to the precancerous cells. This research is
intended to the possibility in recovering from cervical cancer with a specific
treatment on the precancerous cells and it is the continuation of our research
in [4, 5]. Therefore, in Section 2, we concentrate on global stability of the
disease free equilibrium (DFE) of the model, then give numerical simulation
to illustrate the analytical behavior in Section 3, and finally conclude with
some remarks.

2. Mathematical Model and the DFE Stability Analysis

We consider our nondimensional model in [4, 5] with giving a treatment
which is to be focused to the precancerous cells. We assume the treatment
will reduce the precancerous cell population linearly with rate p and give

PC
1+ P2

side effect to the cancer cell population, decays by term m

Therefore, we concern with the following model:
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S=rS1-(S+1))—asV,

| =aSV —al -3,
V =nl -V,
: p2
P =38pl +bP -9 5~ BP,
1+P
~ p? PC
C=90 > —kC-m 5 1)
1+P 1+P

Note that if = m =0, system (1) will be reduced to our model in [4, 5].

In this model, we have five compartments: susceptible (normal) cells (S),
infected cells (1), free virus (V), precancerous cells (P), and cancer cells (C).
The parameters r and o are successively the intrinsic growth rate and the
infection rate. The infected cell population grows or decays linearly with rate
a and has possibility become a precancerous form with rate 5. New virions
are produced at a rate proportional to the death rate of infected cells, which is
n, and decay linearly at rate y. The parameter 6 is the maximal progression
rate from precancerous to cancerous. The precancerous cell population grows
or decays at rate b and the transition from precancerous to cancerous form is
governed by a saturating term OPZ/(l + P2). Cancer cells, once formed, will

have a growth rate — k.

Let N=S+1+V+P+C. If b<0 and a+81-p)-—n>0, then
from (1) we have

N < (r +1)—pN,

where p=min{l, a+ 81 -p)—n, y, B—b, k}. The set
Q:{(s, IV, P,C)0<V,0<S,1,P,C<1S+1+V+P+C srT”}

is then a feasible region of the model. It can be proved that the set Q is
positively invariant.
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The following theorem shows that the DFE (1, 0, 0, 0, 0) is locally

asymptotically stable.

on
v(@+3)
b<0 and Ry <1, then the DFE (1, 0,0, 0, 0) is locally asymptotically
stable.

Theorem 2.1. Given the basic reproduction number Ry = If

Proof. It is easy to derive that the Jacobian matrix at the DFE
(1,0,0,0,0) is

-r —r - 0 0
0 -(a+d) « 0 0
J(DFE)=| 0 n —y 0 0
0 op 0 b-p O
0 0 0 0 -k

If b<0 and Ry <1, then we have b-B <0 and y(a+38)—an >0,
respectively. Since all other parameters are positive, the eigenvalues of
J(DFE) are all negative. O

From the above theorem, we know that its sufficient conditions for
the DFE to be locally asymptotically stable remind the same with those
in [4], but later, the numerical simulation will show that the treatment will
accelerate the recovery process.

Next, we will deal with global stability of the DFE. We consider the

domain D = {(S, I,V,P,C)e Q|P < %C} We use the next generation

method given by Brauer and Castillo-Chavez in [1] to prove the following
theorem.

an

Theorem 2.2. Given Rozm.

If Ry <1 then the DFE

(4, 0, 0, 0, 0) is globally asymptotically stable in D.
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Proof. Take X =(I,V,P,C) and Y =S. System (1) then can be

written as
Y' =g(X,Y), (2)
X'=F(X,Y)=Vi(X,Y), =123 4, 3

where F;j and V; are, respectively, the components of column vector

al +dl
aSV VW —nl
0 p2
F = and V=10 2+[3P—8p|—bP.
0 1+P ,
0 kC +m PC2—6 P 5
1+P 1+P

We straightforward have, for i =1, 2, 3, 4, 7;(0,Y) =0 and V;(0,Y)
=0, for every Y > 0. The functions Fj(X,Y)>0, for every X,Y >0.
For i=123 4, if X;=0, then V;(X,Y)=0. Since y'=9(0,Y)=
ry(1-y), its DFE (0, 1) is locally asymptotically stable. Furthermore, we
find that

4
D VX, Y) = (@+8(@L-p) =)l +4V +BP —bP + kC +m PCZ,
1+P

i=1

which is nonnegative, since it is provided that b <0 and a+ 81 —-p)—n

> 0. The matrix

OF
F = [_IJ =
8Xj ©.1)

o O o o
O O O R
o O o o
o O o o
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is nonnegative. Next, we have

a+d 0 0 0

V=(6V‘J | v 0 0]
Xj)oy |8 O B-b O
0 0 Kk

By choosing s =a+ &+ y+ B —b + k, the matrix V can be written as V =

SI4><4 - B, with

y+B-b+k 0 0 0
B n a+d+p-b+k 0 0
op 0 a+d+vy+k 0

0 0 0 a+d+y+p-—b

Since b <0, and all other parameters are positive, we get B >0, and
therefore V has Z-sign pattern. It can be calculated that

1
a+5 o 0 0
n 1
_n 2 0 0
vio| v(@+d) Y
% 0 21 0’
(B-b)(@a+3) B—b
1
0 o 0o =

which is also nonnegative for b < 0. Hence, V is a non-singular M-matrix. If

an

RO = m < 1, then from
an o
— = 0 0
v@+s) v
a1l 0 0 00
0 0 0 O
0 0 0 O
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-1y _ an _ .
we know that p(FV ™) = Y@+9) Rp <1. Furthermore, we can rewrite
the system (3) as

I |
% Vv
.| =(F=-V - f(X,Y), 4
S|=F -V ]- ) @
C C
where
aV(1-S)
02
f(X,Y)=|  o_F
1+P?
P 5 (-O6P +mC)
1+P

Therefore, in the domain D, the function f(X,Y)>0, and the proof is

complete. O

Remark. Suppose A =V — F. Then (4) can be written as

X = —AX + f(X,Y).

Given initial value X(0), then we have solution
t
X (t) = e"AX (0) - j Oe_(t_s)Af(X(s), Y(s))ds.

It can be proved that A is an M-matrix
~A=B-sl,
with B > 0. This implies that

—tA _ etBe—stI _ etBe—stI _ etBe—st > 0.

e
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Note that f(X,Y) >0 in D, hence we get
0< X(t) < e”X(0).
It means that the solution is nonnegative and tends to zero as t tends to
infinity.
3. Numerical Simulation

In the following, we give numerical simulation to illustrate the analytical
results. We take parameter values:

r=0.2 a=05 a=100, 6 =0.01, n =98, y = 50,
p=14,06=15 k =0.02, b =-0.00001, B =0.9, m=0.9,

except in the case without treatment, of course, we take § =m =0. The

basic reproduction number is Ry = 0.0098.

15
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Figure 1. Trajectory of the cancer cells without treatment with initial
value (S, 1,V,P,C)=(0,1100,0.7,1) (black) and (S, 1,V,P,C)=
(0, 1,100, 0.3, 0.5) (red).
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Figure 1 shows the nontreatment case, that is, for m = =0, as the

initial condition sufficiently large, then the spread of cancer is quite
quickly. The cancer cell population increases significantly which indicates a
possibility of metastasis. This result is reasonable, because without any
treatment, as state in [4], the DFE is only locally asymptotically stable. This
problem will not happen under treatment, the metastasis can be avoided
as shown in Figure 2. Figures 2 and 3 also give illustrations that giving
treatment will decrease the precancerous cells as well as the cancer cells
faster that those without treatment. Patients with treatment will recover faster
that those without treatment.
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Figure 2. Trajectory of the precancerous cells with initial value
(S, 1,Vv,P,C)=(0,1 100, 0.7, 1).
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Figure 3. Trajectory of the cancer cells with initial value (S, I,V, P,C) =
(0, 1,100, 0.3, 0.5) (leftyand (S, 1,V, P, C) = (0, 1, 100, 0.7, 1) (right).
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Figure 4. Phase Portrait S vs | (left) and P vs C (right).

Figure 4 shows numerically that the DFE is globally asymptotically
stable, the treatment can eradicate the infected, precancerous, and cancer
cells. Patient recovers from cervical cancer.

4. Concluding Remarks

During the past several years, the role of targeted and biologic therapy
has been evaluated in cervical cancer [2]. Although many targeted drugs
go after the cancer cells’ inner workings, but there are less common but
more serious side effects including problem with bleeding, blood clots,
wound healing [10]. This research hopefully could give an idea that focusing
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treatment on the precancerous cells will give more chance for patients
to recover. Our results agree with those for hepatocellular carcinoma given
by Zheng et al. in [11]. They have introduced an effective precancerous
cell-targeted therapy base on animal model and stated that anti-precancerous
cell drug development should be a major target during cancer elimination.
However, the implementation in the medical sense still needs times. It will
become a reality that development of drugs that target to the precancerous
cells of cervix will help patients to recover. For a future work we will do
bifurcation analysis and sensitivity parameter of our model.
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