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Abstract
In this research, we use the concept of a vertex irregular total k labeling and tvs(G). 

Specifically, we investigate tvs of generalized uniform cactus chain graphs 2( )n
r nC C − with  

(n – 2)r pendant vertices and length r. The result is as follows: 2 2( 2) 3
4

( ( )n
r n

n rtvs C C −  − +
  

=  for 
6.n ≥

Subject Classification: 05C78.
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1. Introduction

Throughout this paper, we consider a graph G(V, E) with V = V(G) 
and E = E(G). It is presumed that G is finite, simple, and undirected. “A 
total labeling of G is a function λ  that assigns V E∪  into a set of integers, 

*E-mail:  iisisnaini@gmail.com; isnaini@mail.unnes.ac.id (corresponding author)
†E-mail:  mulyono.mat@mail.unnes.ac.id
§E-mail:  diari_indri@yahoo.co.id

Journal of Discrete Mathematical Sciences & Cryptography
ISSN 0972-0529 (Print), ISSN 2169-0065 (Online)
Vol. 23 (2020), No. 6,  pp. 1369–1380
DOI : 10.1080/09720529.2020.1830562

http://www.tarupublications.com
http://www.tandfonline.com
dx.doi.org/10.1080/09720529.2020.1830562


1370 I. ROSYIDA, MULYONO AND D. INDRIATI

mentioned as labels” [9,13,17,18]. “The function λ  is also called a vertex 
irregular total k-labeling if the weights ( ) ( )wt u wt vλ λ≠  for u v V≠ ∈  
where ( )( ) ( ) ( ).ux E Gwt u u uxλ λ λ∈= + ∑  Moreover, a total vertex irregularity 
strength of G, symbolized by tvs(G), is a minimum number k for which G 
has a vertex irregular total k-labeling” [2]. Lower bound of tvs of a graph 

G was proposed in [5]: ( )
( 1)

( ) 2 1,p tvs G pδ δ +
 
∆+ 

≤ ≤ + ∆ − +  where p is |V| 

min{ ( )| }d v v Vδ = ∀ ∈  and max{ ( )| }.d u u V∆ = ∀ ∈  Furthermore, another 
lower bound was given by Anholcer, et al. in [3]. In addition, tvs of any 
connected graph which consists of ni vertices having degree i for  iδ ≤ ≤ ∆  
satisfies lower bound [14]:

( )

( ) ( ) ( ) 1 ( )
( )( ) ( )

max , , ...,  (1)
( ) 1 ( ) 2 ( ) 1

G
iG G G i G

G nG n G n n
tvs

G G G
δ δ δ δ

δδ δ

δ δ

∆

+ =
  +   + + +  ≥      + + ∆ +          

∑

Many scholars have invented tvs of many graph classes such as in 
[1,2,3,6,11,14], etc. More results on tvs of any graphs can be seen in [6] 
and [8]. The concept of cactus graph and some results on the cactus can be 
found in [4,7,9,12,19], etc. “A cactus graph is defined as a connected graph 
for which each edge lies in exactly one cycle. In other words, the cactus 
graph comprises several blocks where each block is either a cycle or an 
edge. If each block of the cactus graph has at most two cut-vertices and 
every two blocks share exactly one cut vertex, then we call it as a cactus 
chain graph” [7,12]. Some results related to tvs of cactus chain graphs 
have been invented in [15,16]. In this article, we examine tvs of generalized 
uniform cactus chain graphs 2( )n

r nC C −  with (n – 2)r pendant vertices and 
length r.

2. Main Result and Discussion

We provide formulas for labels of vertices and edges and a formula 
for tvs of generalized uniform cactus chains 2( ).n

r nC C −  

2.1 Generalized uniform cactus chain graphs with pendant vertices

Firstly, we present the concept of generalized uniform cactus chains 
having pendant vertices in Definition 2.1.1. 

Definition 2.1.1 : “A cactus graph, in which each block is a cycle with the 
same size n, will be called as an n-uniform cactus graph for any natural 
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number n. If each cycle of the n-uniform cactus has at most two cut-vertices 
and each cut-vertex is shared by exactly two cycles, then it is called an 
n-uniform cactus chain graph. The number of cycles indicates the length of 
the cactus chain graph” [7,12]. Further, generalized uniform cactus chain 
graphs having pendant vertices of length r, denoted by 2( ),n

r nC C −  are the 
n-uniform cactus chains in which each block is a cycle Cn connected with 
n-2 pendant vertices. The vertex and edge sets of 2( )n

r nC C −  are as follows:
2

1 2 3 4 1 2 3 4 1

1 2 3 4 1 2 3 4

( ( )) , , , , , , , , , , , ,
{ , , , , , , , , , , , }
{ , }n

r n i i i i i pi i i i i qi i

i i i i pi i i i i qi

V C C a b b b b b c c c c c a
b b b b b c c c c c

−
+

′ ′ ′ ′ ′ ′ ′ ′ ′

= … … ∪

… ′…
 

and 

1 1 2 2 3 3 4 1 1 1 2 2 3 3 4 1

1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 4

2

, , , , , , , , , , , ,

, , , ,

( ( ))

, , , , , , ,

n
r n

p q

i i i i i i i i p i i i i i i i i i q i

i i i i i i i i p i i i i i i i i q

a b b b b b b b b a a c c c c c c c c a

b b b b b b b b b b c c c c c c c c c

C

c

E C

+ +

−

… …

′ ′ ′ ′ ′ ′ ′ ′ ′ ′…

=

 
 
 
 … 

1, 2, 3, , ,i r∀ = …  where r indicates the length of the chain graphs and 

the indexes p and q are equal to 2
2

n−  if n is even. Meanwhile, 2
2

np  −
  

= and 
2

2
nq  −
  

= for odd n.

2.2 Tvs of the generalized uniform cactus chain graphs

Theorem 2.2.1 : Given the generalized uniform cactus chain graphs ( )n 2
r nC C −  

with ( )n 2 r−  pendant vertices and length r ≥ 2. Then, ( )( ( )) , .n 2
r n

2 n 2 r 3
4

tvs C C n 6−  − +
  

= ≥

Proof : Let us consider the vertices jib ′  and lic ′  with degree 1 for 1, 2, , ,i r= …  

where the indexes of j and l are ( 2) ( 2)
2 2

1, 2, , ; 1, 2, ,n nj l− −= … = …  when n is 

even. Whereas, ( 2) ( 2)
2 2

1, 2, , ; 1, 2, ...,n nj l   − −
      

= … = if n is odd. Further, bji, cli 

are vertices of degree 3. Moreover, vertices a1, ar+1 have degree 2; and ai+1 
have degree 4 for 1, 2, , 1.i r= … −  According to Lower bound (1), we get 

2

1 ( 2) ( 2) 3 ( 2) 3 ( 2), , ,
2 3 4

( ( )) max
2( 2) 3 ( 1)

5
2( 2) 3 (2)

4

n
r n

n r n r n r n r

tvs C C
n r r

n r

−

      + − − + − + + −
      
      ≥ ≥ 
 − + + − 
    

 − +
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2

1 ( 2) ( 2) 3 ( 2) 3 ( 2), , ,
2 3 4

( ( )) max
2( 2) 3 ( 1)

5
2( 2) 3 (2)

4

n
r n

n r n r n r n r

tvs C C
n r r

n r

−

      + − − + − + + −
      
      ≥ ≥ 
 − + + − 
    

 − +
 
 

To proof that 2( 2) 3
4

n rk  − +
  

= is the upper bound of the tvs, we establish 

a total k-labeling : {1, 2, , }f V E k∪ → … and show that it is vertex irregular 
by means of two cases. 

Case 1 : For n is odd (n ≥ 7)
Case 1 is divided into two subcases as follows. 

Subcase 1.1 : When the length r is odd. 
In this subcase, we provide labels f(x) and f(e) for each 2( ( ))n

r nx V C C −∈  
and 2( ( ))n

r ne E C C −∈  in Table 1. 

Table 1
Labels of vertices and edges of 2( )−n

r nC C  for both n and r are odd

x, e f(x) and f(e) The index i = 1, 2, …, r 

jib 2 2
2 2

( 1) ,n ni j     − −
         

− − +
2

2
1, 2, , (3)nj  −

  
= …

jib ′ 2 2
2 2

,n ni j     − −
         

− − j as in (3)

jic 2 2
2 2 2

( 1) ,r n ni j       − −
             

+ − − +
2

2
1,2, , (4)nj  −

  
= …

jic ′ 2 2
2 2 2

,r n ni j       − −
             

+ − − j as in (4)

ia i

1ra +
1

aib1i 2( 2) 3
4

n r − + 
  

j equals to (3)

( 1)ji j ib b +
2( 2) 3

4
1n r 


−


+ − 2

2
1,2, , 1nj  −

  
= … −

12
2

in i
b a + −
 
 

2( 2) 3
4

1n r 


−


+ −

Contd...
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1i ia c 2( 2) 3
4

n r − + 
  

( 1)ji j ic c +
2( 2) 3

4
1n r 


−


+ − 2

2
1,2, , 1nj  −

  
= … −

12
2

in i
ac + −

 
 

2( 2) 3
4

1n r 


−


+ − 1,2, , 1i r= … −

12
2

rn r
ac + −

 
 

2( 2) 3
4

n r − + 
  

ji jib b ′ i j as in (3)

ji jic c ′ 2( 2) 3
4

n r − + 
   j equals to (4)

Under labeling f, we observe the vertex weights: 

2( 2) 3 2 2( ) 2 ,
4 2 2ji

n r n nwt b i j
      − + − − = + − −      
       

2
1 , 1, 2, ,

2
2 2( ) ( 1) ,

2 2ji
n

i r j
n nwt b i j −

≤ ≤ = …
    − −   = − − +        

′
    

2( 2) 3 2 2( ) ,
4 2 2 2ji

n r r n nwt c i j
        − + − − = + + − −        
       

′
 

1 , 1, 2, ,

2( 2) 3 2 2( ) 3 ( 1) ,
4 2 2 2

2
2

ji

i r j

n r r n nwt c i j

n
≤ ≤ = …

        − + − − = + + − − −        
         

 −
 
 

1
2( 2) 3( ) 2 1,

4
n rwt a  − +

= − 
 

1
2( 2) 3( ) 2 ,

4r
n rwt a +

 − +
=  

 

1 1 1.
2( 2) 3( ) 4 ( 3),

4i i r
n rwt a i+ ≤ ≤ −

 − +
= + − 
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Subcase 1.2 : When the length r is even.
In this subcase, we give labels f(x) and f(e) for each 2( ( ))n

r nx V C C −∈  
and 2( ( ))n

r ne E C C −∈  in Table 2. 

Table 2
Labels of vertices and edges of 2( )−n

r nC C  for n is odd and r is even

f(x) and f(e) The index i = 1, 2, …, r 

2 2
2 2

( ) ( 2) ,ji
n nf b i j     − −

         
= − − +

2
2

1,2, , 1nj  −
  

= … −

( )2
2

2 2 2 2
2 2 2

,n i
n n nf b i −

 
 

        − − −
− +                

= −
1,2, , ;i r= …  4r ≥  
1 ( 2)i r= =

( )2
2

2
2

2n r
nf b r −

 
 

 −
  

= + 2r =

2 2
2 2

( ) ,ji
n nf b i j     − −

         
= − −′ j as in (3)

2 2
2 2 2

( ) ( 2) ,ji
r n nf c i j       − −

             
= + − − +

2
2

1,2, , 1nj  −
  

= … −

( )2
2

2 2 2
2 2 2 2

2 ,n i
r n n nf c i −

 
 

          − − −
−                    

= + − + 1,2, , 1i r= … −

2
2

2
2 2

1n r

r nf c r −
 
 

   −
      

  = + +
 
 

2 2
2 2 2

( ) ,ji
r n nf jc i        − −

             
= + − −′ j is equal to (4)

1 1( ) ( ) 2rf a f a += = 4r ≥

1( ) 3if a i+ = + i = 1, 2, ..., r – 1; r ≥ 4.

1 2( ) 2; ( ) 1f a f a= = 2r =  

( )1
2( 2) 3

4
1,i i

n rf a b  − +
  

= −

( 1)
2( 2) 3

4
( ) 1,ji j i

n rf b b +
 − +
  

= − 2
2

1,2, , 1nj  −
  

= … −

Contd...
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12
2

2( 2) 3
4

1,in i

n rf b a + −
 
 

 − +
  

  = −
 
 

1,2, , ; 4i r r= … ≥

12
2

2( 2) 3
4

1,in i

n rf b a + −
 
 

 − +
  

  = −
 
 

1 1; 2i r r= − = =

12
2

2( 2) 3
4

,rn r

n rf b a + −
 
 

 − +
  

  =
 
 

2r =

1
2( 2) 3

4
( ) 1,i i

n rf a c  − +
  

= −

( 1)
2( 2) 3

4
( ) 1,ji j i

n rcf c +
 − +
  

= − 2
2

1,2, , 1nj  −
  

= … −

12
2

2( 2) 3
4

 1,in i
n rc af + −

 
 

 − +
  

  = − 
 

1,2, , 1i r= … −

12
2

2( 2) 3
4

 ,rn r

n rf c a + −
 
 

 − +
  

  =
 
 

( ) ,ji jif b b i′ =
j is given in (3)

2( 2) 3
4

( ) ,ji ji
n rf c c  − +

  
=′

j is equal to (4) 

We get the weights of vertices in the following way: 
2( 2) 3 2 2

2 ( 1) ,
4 2 2

2 2 2
( 1) ,1 , 1, 2, ,

2 2 2

( )

( )

2( 2) 3 2 2( ) ,
4 2 2 2

( )

ji

ji

ji

ji

n r n n
wt i j

n n n
wt i j i r j

b

b

n r r n nwt c i j

wt c

− + − −
= + − − +

− − −
= − − + ≤ ≤ = …

      
      

      
      
      

      
      − + − − = + + − −      
       

′

′

( )
1

1 1

1 , 1, 2, ,

2( 2) 3
2 ,

4
2 2 32( 2) 3

2 1, 4 ,
4 4

2( 2) 3 2 23 ( ) ,
4 2 2 2

2
2

( )

( ) ( ) ( 1) 1 &

21 .
2

r i

i r j

n r
wt

n rn r
wt wt

n r r n ni j

n

a

a a i i r

nj

+ +

≤ ≤ = …

− +
=

− +− +
= + = +

      − + − − = + + − −      
       

 −
 
 

 
 
 

  
− ≤ ≤  

    
 −

≤ ≤  
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( )
1 1

2 2 32( 2) 3
2 1, 4 ,1 1.

4 4
( ) ( ) ( 1)r i

n rn r
wt wt i ra a i+ +

− +− +
= + = + ≤ ≤ −

  
−  

    

Case 2 : For n is even (n ≥ 6).
In this case, we construct vertex and edge labels as in Table 3.

Table 3
Vertex and edge-labels of 2( )−n

r nC C  for n is even.

f(x) and f(e) The index 1 i r≤ ≤

4 4
2 2

( ) 2 ,ji
n nf b i j      − −

    
     

= + − −
2

2
1 nj −≤ ≤

 
(5)

4 4
2 2

( ) ,ji
n nf b i j     − −

    
     

= + −′
 j is equal to (5)

2 6
2 2

( ) ,ji
n nf c i j     − −

    
     

= + −
2

2
1 1;  1 1ni r j −≤ ≤ − ≤ ≤ −

2
2

( ) 1,jr
nf c r −

 
 

= +
 j is given in (5)

2 2
2 2

( ) ,ji
n nf c i j     − −

    
     

= + −′
j as in (5)

1( ) 3,if a i+ = +  1,2, , 1i r= … −

1 1( ) ( ) 2,rf a f a += =

1
2( 2) 3

4
( ) 1,i i

n rf a b  − +
  

= −

( 1)
2( 2) 3

4
( ) 1,ji j i

n rf b b +
 − +
  

= − 2
2

1 1nj −≤ ≤ −

( )2 1
2

2( 2) 3
4

1,n ii

n rf b a− +
 − +
  

= −

1
2( 2) 3

4
( ) 1,i i

n rf a c  − +
  

= −

( 1)
2( 2) 3

4
( ) 1,ji j i

n rcf c +
 − +
  

= − 2
2

1 1nj −≤ ≤ −

Contd...
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( )2 1
2

2( 2) 3
4

1,n ii

n racf − +
 − +
  

= − 1,2, , 1i r= … −

( )2 1
2

2( 2) 3
4

,n rr

n rcf a− +
 − +
  

=

( ) ,ji jif b b i′ =
j is given in (5)

2( 2) 3
4

( )ji ji
n rf c c  − +

  
′ =

 

j equals to (5)

In this case, the weights of vertices are provided below: 
2( 2) 3 2 4( ) 2 ,

4 2 2ji
n r n nwt b i j   − + − −

= + + −   
   

1
2( 2) 3( ) 2 ,

4
n rwt a  − +

=  
 

1 , 1, 2, ,
2 4 2( ) ,

2 2 2ji i r j
n n nwt b i j ≤ ≤ = …

 − − −
= + −  

 
′

2 2(2( 2) 3)( ) ,4 2 2ji
n nn rwt c i j− − − += + + −  

′

1 , 1, 2, ,
2 2 2(2( 2) 3)( ) 3 ,4 2 2 2ji i r j

n n nn rwt c i j ≤ ≤ = …
− − − − += + + −  

1
(2( 2) 3)2 1,

4
( )r

n rwt a +
− += + 

  

1 1 1.(2( 2) 3)( ) 4 ( 1),4i i rn rwt a i+ ≤ ≤ − − += + −  

In Case 1 and Case 2, the minimum label of elements of 2( )n
r nC C −  

is 1 and the largest integer of vertex and edge labels is (2( 2) 3)
4 .n r − +

  
 It 

is shown that the vertex weights are all different and it proves the upper 
bound 2 (2( 2) 3)

4( ( )) .n
r n

n rtvs C C −  − +
  

≤  According to the Lower bound (2), it 

shows that 2 (2( 2) 3)
4( )( ) , 6.n

r n
n rtvs C C n−  − +

  
= ≥  The proof is complete.       ■
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Example 2.1.1 : Figure 1 illustrates labels for vertices and edges such that 
11

4 13( ( )) 23.tvs C C =  

3. Conclusions

The formula for tvs of generalized uniform cactus chain graphs 
2( )n

r nC C − with ( 2)n r−  pendant vertices and length r has been proved 

in this article. We get 2 2( 2) 3
4

( ( ))n
r n

n rtvs C C −  − +
  

= for n ≥ 6. The patterns to 

get the vertex irregular total k-labeling were presented in the theorem. 
In upcoming research, we are interested to investigate tvs or tes of 
generalized tadpole chain graphs. Also, we will examine the tvs or tes 
using algorithmic approaches. 
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