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Abstract

Let G(V,E) be a graph. Throughout this paper, we use the notions of edge irregular
total k-labeling and total edge irregularity strength of G (tes (G)). We verify tes of general
uniform cactus chain graphs C,(C'?) having (n-2)r pendant vertices and length r. The

result obtained is as follows: tes(C, (C;”Z) = ( %w for n>6.
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1. Introduction

We consider a graph G(V,E) where V =V(G) is a vertex set and
E=E(G) is an edge set. Suppose that graph G is simple, finite, and also
undirected. A mapping A from VUE into a set {1, 2, ..., k} is called a
total k-labeling of G [9,13,17,18]. The function A is mentioned as an edge
irregular total k-labeling if the edge-weights wt,(pq)# wt,(rs) for all
distinct edges pg#rseE with wt,(pq) = A(p)+ A(pq)+ A(g). A total edge
irregularity strength of G, tes (G), is a minimum number k so that there is
an edge irregular total k-labeling of G. The bounds for tes of any graph are
as follows [4]:

F(G;ﬂ < tes(G) <|E]. (1)

Some results of tes of various graph classes have been invented,
such as in [1,3,5,7,10,11], etc. The readers may refer to [5] and [7] for more
results on tes of any graphs.

The notion of cactus graph and several results related to the cactus
can be seen in [2,6,8,12,19,20], etc. Some inventions of tes of cactus chains
have been proposed in [14,15,16]. In this paper, we investigate tes of
general uniform cactus chains Cr(C:l"z) having (n — 2)r pendant vertices
and length r.

2. Main Result and Discussion

In this paper, we present definition and formula for tes of general
uniform cactus chain graphs GG,

2.1 General uniform cactus chain graphs with pendant vertices

The concept of cactus graph can be found in [6,12]. Meanwhile, the
general uniform cactus chain graphs are defined as follows. “An n-uniform
cactus graph is a cactus graph in which each block is a cycle with the same
size n for any positive integer n. If each cycle of the  -uniform cactus has at
most two cut-vertices and each cut-vertex is shared by exactly two cycles,
then it is called an n -uniform cactus chain graph. The number of cycles
indicates the length of the cactus chain graph” [15]. Furthermore, the
general uniform cactus chain graphs with length r, C (C!?), are defined
as the n-uniform cactus chains having r blocks where each block is in form
of a cycle C, connected with n — 2 pendant vertices. The vertices and edges
of C (C'?) are as follows:
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V(C.(CI?)={a,,b,,b,,b,,b,,.. b c.cC. cCChsrC

77 Y217 Y3 pi’ “1i a

qi’ 1‘+1}

!

Y {bli ' bZi ', bSi y b4i s bpi y €y y Coi y Cs ”C4i [N qu '}
and
EC,(C?) =
aibli ’blini ’ bZibSi ’ b3ib4i A bpaHl 18:€17C11C01 7 C3iC51€3,C0i 0y anm ’
blibl'i ’ bZib;i 4 b3ib;i ’ b4ib4,1i A bpb;,: ’ Clicl'i ’ CZiC;i ’ C3iC;i ’C4ic:1i I "CqC;

Vi=1,2,3,...,r, where r is the length of the chain graphs (the number
of blocks in the chain) and the indexes p and g are defined as:

n-2 . n-2 .
—=, niseven —=, niseven

2 27
p=1° and g=4 “ .
PTZW, n isodd [HTZJ, n isodd

2.2 Tes of general uniform cactus chain graphs with pendant vertices

We prove the tes of general uniform cactus chains in this section.

Theorem 2.2.1 : Let C,(C'?) be general uniform cactus chain graphs having
(n—2)r pendant vertices, n > 6, and the length r > 2. Then, the tes is

tes(C,(C) ) = | 222, 2

Proof : Let b]f,. and ¢, be vertices of the general uniform cactus
chains with degree 1 for i=1,2,...,r. The indexes of j and [ are

(n-2)
2

]'=1,2,...,(n;2);l=1,2,..., for even number n. Further,

j= 1,2,...,{@}; =1, 2,...,[(";2)J for odd number n. Meanwhile, b, ¢, are

]

the vertices of degree 3. Further, vertices a,, a,, have degree 2; and 4, ,
have degree 4 for i=1,2,...,r-1.
Based on lower bound (1), we have

E(c,(c:‘2>>+2w ) F(H)Hﬂ

n-2
tes(C,(C"7)) = { 3 3
We verify the upper bound through 3 cases.

Casel: n=1mod3, n>7.
In the first case, we give labels to vertices and edges as follows:
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f(u)—f(Zn 2)i—(2n-5)}; f(b,) %(2n—2)i—(2n—5)},i:1,2,...,r

f(b]l)— {(271 2)i [271 [5+3;+3{3M} j=1mod3, j=2 mod 3,2<j<t-1

where i=1,2,...,7; tz[%} if n is odd andifznT_2 if n is even

f(bﬂ)— {(2n-2)i-(2n—-(2+4j))},j=0 mod 3,3<j<t-1,i=12,...,r
f(bn)— {(2n-2)i}, nisevenorodd, i=1,2,...,r

fla.)= W”‘Z)"ﬂ f0,))=2{@n-2r-12n-81},i=1,2,...,r

3

f(b/i')zg{(zn 2)1 2+3]+3{ M} j=1mod 3,4<j<t-1

{(2n 2)i 5+3]+3[ M},]’EZ mod 3,2<j<t-1

W] =

f,)=

fo, )_é n-2)i—[2n-(2+4j)]}, j=0 mod 3,3<j<t-1,i=1,2,...,r

f,))= %{(Zn ~2)i} (n isodd); f(b,') = %{(Zn ~2)i}—1 (n iseven)
1
3

fle,)=

where g = VTQJ ifnisodd and g =nT_2 if n is even.

{(2n-2)i—-[2n—(5+4))]}, j=0 mod 3,3<j<q-1,i=1,2,...,7

f(le,):;{(ZnZ)i 2n—[5+3j+3 é },j =lmod 3,1<j<gq-1,i=12,...,r

L
|

f(Cﬁ):;{(ZnZ)i 2n7[5+3j+3 é j }, j=2mod 3,2<j<qg-1,i=12,...,r

f(cqi)zé{(Zn—Z)i}, nisevenorodd,i=1,2,...,r

n_1 | Y
f (cﬂ. )= 3{(2712)1 2n7[5+3]+373

},]'Elmod 3,j=2mod3,1<j<g-1

|~
L
L )

fle,)=31@n-2)i-(@2n-(5+4j))}, j=0 mod 3,3<j<q-1
f(c )-%{(271—2)1} 1, nis odd; f(c %(Zn—Z)i},niseven

f0b,) = {(2n 2)i-[2n-(5+4j)l},j=0 mod 3,3<j<t-1,i=12,..,r
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f(a, 11)—* (2n-2)i-(2n-5)}f(b,4,,,) [(271—32)1421, n is even or odd,

i=12,...,r

JEg 3

f(b..b.’)—l{(Zn -2)i { [2+3]+3[ m} j=lmod 3; j=2mod 3;1<j<t-1,
i=12,...,r

f(bﬁbﬁ')zl{(2n—2)i—[2n—(2+4j)]},j =0 mod 3;3<j<t-1,i=12,..,r

f@,b, )—% (2n-2)i}(n isodd); f(b,b, )——{(Zn 2)i}-1(niseven),i=1,2,...,r

—_

2n -2)i

flac,)=-{2n-2)i-2n-8)},i=1,2,...,7; f(c

3 (n is odd or even)

qi z+]

f(c].l.c(jﬂ)i):;{(zn—zy { (5+3]+3{ m} j=lmod 3; j=2 mod 3;1<j<g-1,
f(cﬂc(/+1 )= 3 (2n 2)i—-[2n—-(8+4j)]}, j=0 mod 3;3<j<qg-1,i=12,...,r

fle,e,= %{(211—2)1} 1(n isodd); f(c,c,)= f{(2n—2)i}(n is even).

Case 2:For n=5mod6 and n>11.
This case is divided into three subcases as follows.

Subcase 2.1: For length i =1mod 3.
In this subcase, we provide labels of vertices and edges below.

f@) = 31@n=2)i-@n=5)}; fla,,)=| 22 ]; fb,) = L(2n-2)i-2n-5)}

fb,) =3{ 2n- 2>i—[2n—(5+3;+3mm, j=1mod 3,j=2 mod 3,2< jg[Lﬂ
fb,)= 5 {@r-vif2r-(-4)]] j=0 mod 3;3j<| "],

£, )—%{(211—2)1'—[211—8]},
£6,) =5 fan-an 2+3]+3{ M} j=1mod 3 45j<["2],

{(Zn 2)1 5+3;+3{ M} j=2mod3,
{

f, )_é (2n—2)i-[2n—(2+4j)]}, =0 mod 3,

w\.—x

f,)=
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fle,) =5 {@n-2)i-[2n-(5+4j)]}, j =0 mod 3?3S75{L§2J’

(2n-2)i—

w\.—x

S T EENRA
fiep=sjor Lw{ [ s=2 mos 21512
$t6)1= e s =1 moa 3 1=2m0 5, 155[ 12
fle,)=3{@n-2i-@n-(G+47)}, j=0 mod3; 3<<|"2],

fab,) =3 {@n=2)i-@n=5)}; fb,b,) = {(2n-2)i-(2n-1D)},
=3 oo o oo 05527

fbb )= {(2n -2)i { (5+3]+3t M} j=2 mod 3; 2<]<[ w 1

f(bﬂb(m)z {(2” 2)i-[2n—-(5+4/)]}, j=0 mod 3; 3<]<P[ 2-‘ 1

b ‘ _ (2n—2)i+1; [ , J:(zn—z)m,
f( (Pﬂ]f‘a’”] 5 | e 3

f(bﬂb/Z )== {(211 2)i {Zn [2+3]+3{ JH} j=1mod 3, j=2 mod 3, 1<]<[" 2}

f(bl.l.bl.l.'):%{(2n—2)i—[2n—(2+4]’)]} j=0 mod 3; 3<;<[" ﬂ

flac, {(2n 2)i-(2n-8)|

£(€,60) = ;{(ZH 3 [ —[5+3/+3MH}, j=1mod3, =2 mod 3, 1< <|"2|-1
£€,6) = 3{@n=2)i=[2n-B+4]]}, j=0 mod 3;3<j=<|"2|-1

f (cﬁcﬁ') = ;{(2n—2)i—{2n—[5+3 ]'+3ED

fle,e,) = H{@n-2)i-@n-@2+4)}, j=0 mod 3; 3<;<L” ZJ

},]'El mod 3, j=2 mod 3,1§j£{"—;2J,
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Subcase 2.2 : For length i =2mod 3.

We construct labels of elements of C (C "’2) as follows:

f(ai)—é{(Zn—z)i-(zn_@} fla,,)= [Zn 2)1+z}
fb,)= {Zn 2)i { (2+3]+3L M} j=1mod 3, 1<]<[n 2}
f(b]l ;{(Zn—Z)i—[Zn_[5+3]-+3{éJH}, j=2mod 3,2<j< [’%zw

f(b,)=2{@n-2)i~[2n-(2+4))]},j=0 mod 3, 3<]<[" 2}
f(bﬂ'):;{@”)f [ [2+3J+3{ M} j=1mod 3; j=2 mod 3; 1<]<{" 2]

f(bﬂr) :%{(271_2)1_[2”_(24_4])]}/] =0 mod 3,3 < ] < ’VHT_Z-‘

fle,)=5{@n-2)i-12n-G+4))}, =0 mod 33 <[ "2

f(C].,.)=;{(2n 2)1 5+3]+3{ m} j=1mod 3,j=2mod 3,1<j< V ZJ

fe,) ;{(211 2)1 5+3]+3[ M} j=1mod 3,j=2mod 3, 1<]<V ZJ

f(c,)=3{@n-2)i-(2n—(2+4j))},j =0mod3; 3<JS[%2J

1
3

1 n-2)i+
flab,)=5{2n-2)i-(2n-3)}; f[ M]’_am):[(z 32) 21

FO,b0) = {(ZH - { [5+3]+3{ m} j=1 mod 3;

j=2mod 3,1< < ["2] 1

fb,b) = +H(@n—2)i~[2n—(5+4))]},j =0 mod3; 3<]<[” 2] 1
f (blb "= {(27[—2)1‘{27[—[24—3]43{QJH}, j=2mod3,j=1mod 3;1<j< [’%ﬂ

flb,b,) =3 {(2n-2)i=[2n-(4j-1)]},j=0 mod3; 3< j < {%ﬂ
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f(az 11 a3 (27’[ 2)7’ (27/1 6)} f( UZUI_QZ.HJ:’V(ZH_;)”Q-‘

e €)= 31@n=2)i=[2n—(5+3j+3[j/3)]}, j=1 mod 3;j=2 mod 3,
1<j<[(m-2)/2]-1

F€ 46 o) = 3 1@n=2)i=[2n~(5+4])]}, /=0 mod 3; 3 < < | 2|1
PERSTR N pR—
oot -2 s2ss 2
fe,e,) = 31@2n=2)i-@n-@+4))}, j=0mod 3;3< j<|" 2|

Subcase 2.3 : For length i =0 mod 3.
We define labels of vertices and edges as shown below.

fa)= %{(Zn -2)i-(2n-4)}; f(a,,) [(271 Z)Iﬂ

3

f(b,z)—{an 2)i- [Zn [4+3]+3{ M} j=1mod 3;j=2 mod 3; 1<]<[ w
fb,)=1@2n-2)i-[2n-(4+4))]},j=0 mod 3; 1<]<[" 21
s16,)= Hnan on (s 2] 21 moa 3522 moa 3,15 <[
f,)= H@n-2)i-[2n-(1+4))]}, =0 mod 3;3< <[ " 2]
fle,)=+1@n-2)i~[2n~(4+4))])}, j=0 mod 3;3s;‘g{Lﬂ

f(c].,.):;{znz 4+31+3{ M}] 1 mod 3;j=2 mod 3, 1<]<{ J

(2n- 2)1 4+3]+3{ M} j=1mod 3; 1<JSL%2J

|
fenonfan{eayf 1] 2 moa 325 <2
{

fle,)=3{@n-2)i-@n-(4+4))},j=0 mod 3;3<j<|"2]

u\H

fe,)=

QJ\H

f(cjz
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1 . L . _[n-

fbby) = §{(21/1—2)1 —[2n—(4+4])]},] =0mod3;3<j< P’Tﬂ—l

f,b.0)= ;{(2;12)1[2;1 (4+3]+3{ D

f(a, 1,)—%{(211 2)i—(2n—4)}; ( e MJ:[(zn—zmzw

}] 1 mod3,j=2 mod 3. 1< < (;ﬂ—l

( 3
f(bﬂbﬂ )—{211 2)i 1+3]+3 }, =1 mod 3; 1<] [%2—‘
fb ]’b]l)_ {2” 2)i 4+3J+3 }] 2 mod 3; 2<]<(" 21

flbb,) = §(2n=2)i~[2n~(1+47)], =0 mod 33 j<| "2

f(al 11 {(27’[ - Z)i - (27’[ - 7)}r f (Cﬂnzﬂianl j = (27!3—2)1'

f(cﬁc(jﬂ)i):;{(Zn—Z)i { [4+3;+3{ M} j=1mod 3;1<j <[72J 1

f(cﬁc(jmi):;{(%z)i { (7+3]+3{ M} j=2 mod 3; 1<]<{?2J 1
f(cﬂcm)l) Yen-2)i-12n- (7+4j)]}, j=0mod 3; 3<]<V ZJ 1
f(cﬂcﬂ {Zn 2)i {2;4 [4+3]+3{ Jm j=1mod 3; j=2 mod 3 1<]<V ZJ
fle,e,)=2{@n-2)i-@n~(4+4j)}, j=0 mod 3; 3s;‘<{”7‘2J

Case 3: For n=3 mod6 and n>9.

We deal with three subcases.

Subcase 3.1: For n=3 mod6 and length i=1mod3.
In this subcase, we define labels for elements of C,(C'") as follows.

f@)=3{@n-2)i-@2n-5)}; f(b,) = 5{(2n-2)i-(2n-5)}
f(bﬁ) = ;{(2n—2)i—l:2n—(5+3j+3{éJH},j =1mod 3; j=2mod 3;1<j< [’%2}

f®,)=@n=2)i-[2n-2+4)]},j=0 mod 3;3< j<|"2|
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fa,.)=| @2 ]f - Hen-2r-[2n-8])

f@, )—— [2+3]+3 }] 1 mod 3; 4<]<{L22}
2n—-2)i

f(bjl.):;{ 5+3]+3 }] 2 mod 3,2<j< [Tﬂ
f(b,)= (20 -2)i~[2n-@2+4))]},j=0 mod 3; 35 j < { ﬂ

fe,) = H@n-2)i-12n-(5+4))),3< <[ "2 J] 0 mod 3
oSl oot md 121
o] e
fab,)=5{@n-2)i-@n-5); f(b,b,)={(2n-2)i-(2n-11)}
o =3forsferord g et o 2157
TN NN FRRSUREE
fO,8.) = 31@n=2)i~[2n~(5+47)},j =0 mod 3;3<<|"2|-1
fO,5,)=1{@n-2i-12n-2+4))]}, /=0 mod 3;3< j<[" 2]

R e R

flac,)= l{(zn ~2)i-(2n-8)}

feyea) 3{(271 2)i {2;1 {5+3]+3{ D

f(cjic(fﬂ)):3{(2”—2)i—[2”—(8+4j)]}/fEO mod 3; 3 <] <V772J_1

}] 1 mod 3, j=2 mod 3.1< ;< (72}—1
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f(CjiC/i,)Z;{(Zn—Z)i { (5+3]+3{ m} j=1mod 3;j=2 mod 3, 1<]<V 2J
f(cj.,.cﬁ'):%{(Zn—Z)i—(Zn—(2+4j)) j=0 mod 3; 3<]<V ZJ

Subcase 3.2 : For n=3mod6 and length i =2mod3.
All elements of C (C'?) are labeled as in Subcase 2.3, except for
labels of the following edges:

(2n-2)i+1 (2n-2)i+1
flb, 8., |=————and f|¢, , 4, |=—F.
[ = } 3 ( = } 3

Subcase 3.3 : For n=3 mod6 and length i =0 mod3.
In this case, we assign labels for each v,e e V(C, (C:_Z))UE(Cr (C:‘z))
in the following way.

fla)=3{@n-2)i-@2n-6)}; f@,,) = [Ml

fb,) =3{ 2n- 2)i—|:2n—[3+3j+3uﬂ:l},j =1 mod 3;1<j 4%21

fo,)=5 {(Zn 2)i {271 [6+3]+3{ Jm j=2 mod 3; 2<]<P2ﬂ

(b.)=2{2n-2)i-[2n—-(3+4/)]},j=0 mod 3;3<j<|"2
) =3 P <5

fb)= ;{(2"‘2)1{2”‘[“3]*3{éM},f =1 mod 3;j=2 mod 3;1<j< (’%Zw
f,)=@n=2i-[2n-(@+4]]},j=0 mod 3;3< j<["2]

fe,) = H@n-2)i-[2n—(6+4))), j=0 mod 3;3< <[ 2|

f(Cji):;{(Zn 2)1 6+3]+3{3JH} j=1mod 3; j=2 mod 3,1< < [%2

[ I

f(Cji’)=;{2n 2 6+3]+3{ m} j=1mod 3; =2 mod 3, 1</ <|"2|
fle,)=11@n-2)i-@n-(3+47)), =0 mod 3;3 < <|"2|

fab,)=3{2n-2)i-@2n-3)};



1346 I. ROSYIDA, E. NINGRUM, MULYONO AND D. INDRIATI

b a — (2n-2)i+2 ; c 4 :M
3 )

fbb )= {(2;1 -2)i {211 [6+3]+3{ JH} j=1mod 3;j=2 mod 3,

1sjs(”7‘ﬂ—1

Fb,by ) = 5120 =2)i=[2n-(6+47)]}, j=0 mod 3233]’4"772}‘1

f(b].ibﬂ')zé{(m—z)i { [3+3]+3{ M} j=1mod 3; j=2 mod 3; 1<]<{” 21

’ 1 . . L . { n-2 .
flb,b,) = {@n~2)i~[2n- 4]}, j=0 mod 3; 3s]s{T],

flac,,) % 2n-2)yr—(2n-6)}

fleyCiay) = ;{(Zn 2)i {2;1 [6+3]+3PM} j=1mod 3; j=2 mod 3,
n-2
]<]<[ > J 1
fle,e) = {(2n 2)i—[2n-(6+4j)]},j =0 mod 3; 3<]<V ZJ 1

f(e,6,)=31@n=2)i-(2n-(3+4))}, j=0 mod 3;3< j<|"2|
f(CﬁC].’.’)=;{(2n—2)i—[2n—[3+3j+3{;JH} j=1 mod 3; 1<]<{n 2J

fle,e, )_{271 2)i- [ [6+3]+3L M} j=2 mod 3; 1<]<V 2J

In Case 1, 2, and 3 (for all subcases), it is shown that labels of all

k= "(Zn—2)7+2
3

elements of C, (CZ’Z) are not more than 1 Further, we show

that the weights wt(e) # wt(e’) whenever e=e¢':

wt(ab,,)=2n-2)i—{2n-5},wt| b - a,., |=2n=2)i+2, wtic, . a,,
A

. . . . n-2
= @n-2)i+1, whb,b,,,) = (2n-2)i~{2n—(5+4)},1< ] < [T]—L

wi(ac, )= (Zn—2)i—{2n—7},wt(bﬁbﬁ’):(2n—2)i—{2n—(2+4j)};

i1

w(c,e,) = (2n—2)i— (20— (4+ 4j)},1< j < VT_ZJ wi(c,c

(1) —
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(2n—2)i—{2n—(7+4]’)},1£jsvT‘zJ_L-

It is obvious that f is an edge irregular total k-labeling on the general

cactus chain graphs. This concludes tes(C,(C?)) =k = [Mw

3
Case 4 :For n=0mod6, n=2mod6, and n >6.

This case is divided into three subcases as follows.

Subcase 4.1 : For length i =1 mod3.
In this case, labels for x,e € V(C, (C'?)) UE(C,(C!™?)) are given below.

Fla) = L1@n-2)i-@u-5); fa)=[ 222 ]; f6,)= L (2n-2i-@u-5));
H@n-2i-2n-G+3)l, j=23

fb,)= §{<2n-2)f{2n_[2+3]‘+3(ém}

%{(2;1 -2)i—(2n-8)} =12,
f6,)= %{(2n—2)i—(2n—(5+3]'))} j=3.4,
H@n-2)i-@n-@B+3) j=5,

e

. _ n-2
7=

N

fb,)=31@n-2)i-(@2n-(2+4j)},j=0 mod 3, 6<j<"

‘ N

f, )_;{(M 2)i 2+3]+3HM} j=2mod 3, 8<j<

(bﬂ )—;{(m 2)i 2+3]+3BM},]’ =1mod 3, 7<j< ’%2

fe,)=31@n=2)i~[2n~(5+3))]}, j=1,2;

=i oot 95155
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(2n-2)i—(2n-8)} j=1

N

(2n72)1’{2n7[5+3]’+3( éM} j=2mod3, 2<j< .

(2n-2)i-[2n—-(5+4j)]} j=0 mod3, 3<j<

(2n2)i[2n[5+3]’+3HM} j=1 mod3, 4<]< 3

2n 2)z+2 f( ) [(271—2)1‘4—2-‘_1_
2, 1+1 3 4

{(2n—-2)i—(2n-5)}

fle,)=

Wik W=k Wk W=
N‘
N N

——— - —

(Li i+1

flapb,

L/

w\»-

flac,)=31@n-2)i-@2n-8)}; f(b,b,)={(2n-2)i-(2n-5)}

{(@n-2)i-@2n—-(8+3j)} j=1,2

W[ = W=

{(2n-2)i-(2n-(8+4j))} j=0mod 3,3<j<"2-1

. , j=1mod 3,j=2 mod 3,
{(2n—2)i—[2n—[5+3]’+3[/—U}} e 2
3 3 4< ] < ~-1

f(cjic(j+1)i) =

fle,e,)=1 {(Zn 2 { (5+3]+3{ M} j=1mod 3, j=2 mod 3,15 j< "2

fle,e,)=31@2n=2)i—(2n-(2+4j))},j=0 mod 3,3<j< "2

%{(2n—2)i—(2n—(8+3]'))}/ i=1,2,3,4

% (2n- 2)1 5+3]+3 } j=2mod3,j>5
bjib(j+1)i = l

5{(Zn 2)i-(2n—-(5+4jf))}, j=0mod3,j=6

;{(2;4 2)i [2;4 5+3]+3 }} j=1mod3,j>7

J@n-2)i-@n-(G+3))} j=23,

%{(2n—2)i—(2n—(8+3]’))} j=4,5
fob,)=

H@n-2)i-(@n-@+4j)) j=0mod 3,6<j<"2

;{(271 2)i {2n[2+3]‘+3BM} j=1mod 3,j=2 mod 3,7£j£’%2
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Subcase 4.2 : For length i =2 mod3.
We create labels for elements x € V(C,(C!?)) and eeE(C,(C'?)) as
presented below.

JA@n-2)i-(2n-4)}, n=0 mod6

f(az') = 1
51@2n-2)i-(2n-6)}, n=2 modé6
1{(271-2)1' [ [4+3]+3(ﬂ }}, 1§js”T_2, n=0 mod 6
fb,)=
1{(271 2)i { (3+3]+3“U}}, 1£j£"7_2, n=2 mod 6
f(b]_i') — %{(Zn—z)z [Zn [3+3]+3HU}}, 1<j< L;z,n =2 mod 6;
;{(ZnZ)i [ [1+3]+3HM}, j=1mod 3,n=0 mod 6
f,)=
;{(2;42)1{214 [4+3]+3HM}, j=0 mod 3,j=2 mod 3,n=0 mod 6
fe,) :é 2n-2)i-(2n-9)},j=1,2;
’ 1
fle)=5

1
fle,)= 3 1@

oot
ferarfanfsrd

4+3 ]+3{

;{(2;12)1'[2;1[“3;43_1 D}, j=2mod 3,n=0 mod 6
fle,)= )
;{(2712)1’[271[3{3]43 J D}, j=2mod 3,n=2 mod 6
;{(211—2)1 [Zn [4+3]+3 é J]}, j=1mod 3,n=0 mod 6
fle,)= -
;{(271 2)i—[2n—(3+3]’+3 é J]}, j=1mod 3,n=2 mod 6
o) %{(2n—2)i—(2n—(4+4]’))}, j=0 mod 3,n=0 mod 6
C.)=
]Z

A@n-2)i-(2n-(3+4j), j=0 mod 3,n=2 mod 6
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flab,,) —{(211—2)1'—(211—7)}, n=0 mod 6;

flab,)= f{(2n 2)i—-(2n-6)},n=2mod 6

(2n=2)i [ 7+3]+3L)m} j=2 mod 3,n=0 mod 6

f(bjib(j+1)i) =

W= W= W=

{(2n-2)i-2n-(7+4j))} j=0 mod 3,n=0 mod 6

(2n=2)i [ 4+3]+3Mm} j=1mod 3,n=0 mod 6

l{(zn—z)i—(zn—(6+4j))} j=0mod 3;n=2mod 6

f(b b(1+1>1) 1 j j=lmod 3,j=2mod 3;
3{(2n2)i[2n[6+3 j+3{3UJ}

n=2mod 6
f(bﬁ,-uiﬂ)

2n-2)i+2 2n-2)i+2
{( n 3)z+ J; f(CanZ,-uM):V n 3)z+ J

{2n- 2)1 (2n (4+4])) j=0 mod3; n=0mod 6

1

, 3
flob) =1, 4 4
3{ (2n-2)i 4+3]+3 } j=1mod3,j=2mod3;n=0 mod 6
;{ (2n-2)i 6+3]+3 ]} j=2 mod 3,n=2 mod 6
f(b].ibﬁ'): ;{ (2n-2)i 3+3;+3 ]} j=1mod 3,n=2 mod 6
% (2n—2)z—(2n—(3+4]))} j=0 mod 3,7=2 mod 6
flac,)=>{2n-2)i—(2n-4)}, n=0 mod 6;

f(a].cli):5 (2n-2)i—-(2n-3)}, n=2 mod 6

f(cﬁc(m)i) = ;{(2;12)1[2n[6+3]’+3_£m}, j=1mod 3,j=2 mod 3

1Sj<("7_271];n50 mod6

fley i) = ;{(Zn—z)i—[Zn—(é+3 j+3 ;D}, j= %2 -1, n=0 modé6

(4 m) = %{(2;1 —2)i—(2n—(6+4/))},j =0 mod3; n=0 mod6



ON THE TES OF GENERAL UNIFORM CACTUS CHAIN GRAPHS WITH PENDANT VERTICES 1351
f(C],C(,+1),) {(Zn -2)i [ [4+3]+3(;D]},j =1mod3; n=2mod6
fleyey) = ;{(znz)i[m [7+3 ]+3( ém} j=2mod3,2<j< (77@ n=2mod6

f(cﬂc(m),) {(2;« ~2)i-] [ (4+3]‘+3HD]}, '—7—1 n=2 mod6

Fe,€ ) = %{(2n—2)i—(2n—(7+4]'))}, i=0 mod 3; n=2 mod6

fle,e) % (2n-2)i—-(2n-3)}, n=2 mod 6;

fle,e,) )— {2n-2)i—-(2n-4)}, n=0 mod 6

fleye, :;{ (2n-2)i [ [3+3]+3{ m} j=1mod 3,j=2 mod 3;7n=2 mod 6
fle,e,)=51(2n-2)i-(2n-4j)}, j=0 mod 3,n=2 mod 6

flc iCi V=2 {2;1 2)1—[211 (4+3j+3BD]}, j=2 mod 3; n=0 mod 6

n=2)i-| 2n— 1+3j+ i | = =
f(c c, )_ {(2 2)i [2 [1 3j 3{ m} j=1mod3; n=0mod6
{(Zn 2)i-(2n— (1+4]))} j=0mod3; n=0mod6

In Subcase 4.2 (i =2 mod3), we verify the edge weights as follows:
wt(ab,,)=12n-2)i—{2n-7}, wt(b[ 2 (:+1>j 2n-2)i+2,
wHb, b)) = (@n-2)i—2n—(7+4))}, 1< j< 21
wi(b,b,") = (2n-2)i—{2n—(4+4))},1<j < %2

. : . n=2
wt(c..c oy =2n-2)i—-{2n—-(5+4j)},1<j S"T—l;

wt(a,c,,)=2n-2)i—{2n->5},

' . . . -2 .
wt(cﬁ.cﬁ )=02n-2)i-{2n-(4+4j)},1<j< HT; wt(c[";]faﬁmj =(2n-2)i+1,
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Subcase 4.3 : For length i =0 mod 3.
We assign labels for elements v,eeV(C, (C:’,’z))uE(Cr(CZ’Z)) as
displayed below.

N@n-2)i-@2n-4)) n=2 modé6
fla)=

W= W

{(2n-2)i-(2n—-6)} n=0 mod6
%{(211—2)1’—(271—6]')} j=1,2;7=0 mod 6
Fb) =19, j w2
3{(271—2)1’—[211—[34—3]43{3JJ]} 3<j< 5 in= 0 mod 6
f,)= {(Zn 2)i [ —[3+3]+3BJ]]},1SJ'<";2; n=2 mod 6
fo,)=| 2252 =20 =2 mod 6

f(ch)— {(2n-2)i-(2n-7)},n=2mod6; f(c,) =
n=0mod6

sl@n-2)i-@n-9),

f(cﬂ )—{(Zn 2)i [ [4+3]+3[ m} j=2mod3; 2<]<——1 n=2 mod6
fle,)=31(2n=-2)i-(2n-(4+4))}, j=0mod3; 3<j<"2-1, n=2mod6

f(c]l =;{(2n 2)i [271 [4+3]+3{ m} j=1mod3; 4<]<——1 n=2 mod6

f (c].,.') = ;{(Zn—Z)i—[Zn—(ZHC’, j+3H—I]]}, i = ”T’z —1,’%2 ;n=2 mod6

1{ [ [ HD} j=1mod 3, j=2mod 3;
~J(2n-2)i~| 2n| 3+3j+3| L
3 3 n=0 mod 6

%{(2n—2)i—(2n—(3+4j))} j=0mod 3; n=0 mod 6

fle,)=

f(C]I)—{(Zn ~2)i [271 (4+3]+3( m} 1<]<— n=2 mod 6

;{(2n2)i[2n(3+3 j+3( ém} j=1mod3, j=2mod3; n=0mod 6
f(cji) =
J{@n-2)i-@2n-(6+4))) j=0mod3; n=0mod 6
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fle,)= (2” 2 ,j:nT2 n=0 mod 6; n=2 mod 6
fa %{(211—2)1'—(211—3)} n=0 mod6
a.
) %{(211—2)1’—(211—4)} n=2 mod6
P %{(211—2)1’—(271—6)} n=0 mod6
a.c
" @n-2)i-@n-7)) n=2 modé
1 i j=1mod 3, j=2mod 3;
{(2n2)i[2n[6+3 j+3{l m}
fb,b,)=1> 3 n=0mod 6
ji(j+1)i
SA@n-2)i-(2n-(6+4/)} j=0mod 3;n=0mod 6
1 ; j=1mod 3, j =2 mod 3;
{(2n—2)i—{2n—[4+3 ]‘+3Pm}
f,b.) 3 n=2mod 6
]+ 1
%{(2n—2)i—(2n—(4+4]‘))} j=0mod 3; n=2 mod6
f(b B %) = rf(c%ﬂm) =221 120 mod6; n=2 modé

f (€€ = ;{(Zn—Z)i—[Zn—£6+3 j+3%Uj}, j=1mod3; j=2 mod3;

1<]<(”72—1j n=0 modé6

—_

f(cjcm)) 3{(2;1 2)1{271 [6+37+3{ m} j_——l; n=0 mod6

£, ) = %{(271 —2)i—(2n—(6+4j))}, j=0mod3; n=0 modé
f (C]-,-C<,-+1>,-) = ;{(2n—2)i—[2n—[4+3 ]'+3Hm}, j=1mod 3; n=2mod 6

f(le.C(jH)i)::l;{(Zn—Z)i { (7+3]+3{ m} j=2mod 3; n=2mod 6,

2<j <(”T_271J

fle, ) = {(2;1 -2)i [ —(4+3]‘+3Hm}, j= [Lzz—lj n=2mod6

(c.c.. Y=2{2n-2)i—@2n—(7+4j)}, j=0 mod 6,n=2 mod 6
jim(j+1)i 3 ] ]
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' 1 .

f,b,)=3{(2n-2)i—(2n-3)},n =0 modé;
fb,b,)) = 3{(2n-2)i—(2n - 4)},n = 2mod6
fb,b,))=+{(2n-2)i-@2n-(B+3/)}, j=2,3, n=0 mod6

f, b {211 2)i 3+3]+3[ m} j=1mod 3,j=2 mod 3;

4<j _[”ZZJ n=0 mod 6

f(bﬁbﬁ’)=§{(2n—2)i—(2n—4j)}, j=0 mod 3,7=0 mod 6
f(b]-,-b].,.')=;{ 2n-2)i 4+3]+3{ JD} j=2 mod 3,n=2 mod 6

fbb,))= {(Zn 2 1+3,+3Mj]}, j=1mod 3,1=2 mod 6

[SSTRE

f(b b )—% (2n-2)i-(2n—-(1+4j))},j=0 mod 3,n=2 mod 6

fle,e, )—% (2n-2)i-Q2n—(4+3)},j=1,2;n=2 mod6

fle,e)) =%{(2n—2)i—(2n—(4+4j))},j =0mod3, 3<j<"2,n=2 mod6
f(cjic].i'): {2n-2)i—(2n—(1+4j) ,n=2 mod6

W
f(cﬂc]l )—; (2n- 2)1 4+3]+3 },] 1 mod3,j=2 mod3,n=2 mod6

;{(2;1 2)i-] 6+3]+3 J } j=2mod3,n=0 mod6
fle,e,)= ;{(2;4 ~2)i 3+3]+3{3m} j=1 mod 3,n=0 mod6
$A@n-2)i-(2n-(3+4j)} j=0 mod 3,n=0 mod6

In Subcases 4.1 and 4.3 (=1 mod3 and i =0 mod3), we observe the
weights of edges below:

wt(ab,,) = (2n-2)i—{2n -5}, wt (b[“jfa(m) j =(2n-2)i+1;

wt(ac,)=2n-2)i—{2n-7},
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wib, b)) = (2n—2)i—(2n—(5+4))},
WHe,C,,,yy) = (21 =2)i = (2n—(7 +4))}, 1< j< 21
wib b ") =(2n-2)i-{2n-2+4j)},1<j<"2;

jigi 2
wt (C["szia(m) j =(2n-2)i+2,
1 . . . -2
wt(cﬂ.cﬁ )=2n-2)i-{2n—(4+4j)},1<j< "T
In Case 4 (all subcases), no edges have a same weight. In addition,

the vertex and edge labels are not more than k =[((2n77§)“2)} Thus,

€, (€)= 22r2)

Example 2.2.1 : Figure 1 depicts a pattern to get tes(C,(C};)) = [%;2} =33.

Further, Figure 2 shows a pattern to get tes(C, (Clgl)) = sz‘ﬂ =41.

3

Fig.1

Fig. 2
Vertex and edge labels in C,(C;,) so that tes (C,(C;,)) =41.
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3. Conclusions

We have verified that tes(c,(czfz)):[

%w for n>6. The

formulas for labels of elements of the graph were presented in the theorem.

In upcoming research, we are interested to investigate tvs or tes of some
tadpole chain graphs.
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